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A POLYNOMIAL-TIME INEXACT PRIMAL-DUAL
INFEASIBLE PATH-FOLLOWING ALGORITHM FOR
CONVEX QUADRATIC SDP

Lu L1 AND KiM-CHUAN TOH

Abstract: Convex quadratic semidefinite programming (QSDP) has been widely applied in solving engi-
neering and scientific problems such as nearest correlation problems and nearest Euclidean distance matrix
problems. In this paper, we study an inexact primal-dual infeasible path-following algorithm for QSDP
problems of the form: minX{%X e 9(X)+CeX : AX)=0>, X > 0}, where Q is a self-adjoint positive
semidefinite linear operator on 8™, b € R, and A is a linear map from 8™ to R™. This algorithm is
designed for the purpose of using an iterative solver to compute an approximate search direction at each
iteration. It does not require feasibility to be maintained even if some iterates happened to be feasible. By
imposing mild conditions on the inexactness of the computed directions, we show that the algorithm can
find an e-solution in O(n?1In(1/¢)) iterations.

Key words: semidefinite programming, semidefinite least squares, infeasible interior point method, inexact
search direction, polynomial complexity
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Introduction

We consider the following linearly constrained convex quadratic semidefinite programming
(QSDP) problem defined in the vector space of n x n real symmetric matrices S™ endowed
with the inner product (4, B) = A e B = Tr(AB):

(P) min f(X):=1XeQ(X)+CeX
st. A;eX =b,i=1---,m (1.1)

X >0,

where Q : 8" — S" is a given self-adjoint positive semidefinite linear operator. Here,
A;,C € 8™, b € R™ are given data and X > 0 (X > 0) indicates that X is in S} (S%, ). The
set ST (S¥, ) denotes the set of positive semidefinite (definite) matrices in S™. In addition,
we assume that {A; | ¢ = 1,...,m} is linearly independent. The dual problem of (P) is
given as follows:

(D) max —1X e Q(X)+bTy
st. YA +Z=VfX)=9X)+C (1.2)
Z = 0.
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The problem (P) includes linear SDP as a special case when Q = 0. It also includes the
following linearly constrained convex quadratic programming (LCCQP) [8]:

1
min{ixTQx—i—ch : Ar=b,x € R?r},

where @ is a given positive semidefinite matrix.

A recent application of QSDP is the nearest correlation matrix problem [3]. QSDP
also arises in nearest Euclidean distance matrix problems [1] and other matrix least square
problems [9]. Many problems in metric embeddings, covariance estimations, and molecular
conformations can also be formulated as QSDP, see for example [5] and [13].

We use the following notation and terminology. Let i = n(n+1)/2. We define the linear
map svec : S” — R” by:

SVeC(X) = (1'11, \/51'21, ) \/§$n17.’1/'22, \/§(E327 LR} \/§an; s axn’n)T'

The inverse map of svec is denoted by smat. The matrix representation of Q in the
standard basis of S" is the unique matrix @ € S} that satisfies svec(Q(X)) = Q(svecX)
for all X € 8". Also, let AT = [svecA; svecA, - -- svecA,,|, the matrix representations of
A;eX (i=1,---,m)and Y ", y;A; can be written as A(svecX) and ATy respectively.
Note that A has full row rank and hence AAT is non-singular. The pseudo inverse of A
is defined as AT = AT(AAT)~!. We use || - || to denote the Frobenius norm for a matrix
or Euclidean norm for a vector, and || - ||2 to denote the spectral norm of a matrix or the
induced norm of a linear operator. For an n x n matrix M, we ordered its eigenvalues A;(M)
as follows: ReA1 (M) < ... < Re\,(M).

The perturbed Karush-Kuhn-Tucker (KKT) optimality conditions for the problems (P)
and (D) are as follows:

—svecV f(X)+ ATy + svecZ

A(svecX)—b 0 , X, Z»0, (1.3)
XZ vl

where v > 0 is a given parameter that is to be driven to zero explicitly. Note that when
v =0, (1.3) gives the optimal conditions for (P) and (D). As the system (1.3) has more
independent equations than unknowns due to the fact that X7 is usually nonsymmetric,
the last equation XZ = vI is usually symmetrized to Hp(XZ) = vI, where for a given
positive definite matrix P, Hp : R®*"™ — 8™ is the following symmetrization operator [20]
defined by

Hp(M) = %PMP—1+(PMP—1)T]

In [20], P is chosen to be in the class C(X, Z) := {P € S, | PXP and P~'ZP~! commutes}.
This class includes the common choices: P = Z'/2, P = X~1/2 and P = W~'/2 where W
is the Nesterov-Todd (NT) scaling matrix satisfying WZW = X [14]. It has been shown in
[20] that for X, Z € 87, and P € C(X,Z), Hp(XZ) = vI if and only if XZ = vI.

In this paper, we choose P to be the NT scaling matrix rather than any P € C(X, Z) as
considered in [20]. The main reasons for considering only the NT scaling matrix are that it
simplifies the complexity analysis and also gives the best iteration complexity. In addition,
it is employed in practical computations since it has certain desirable properties that allow
one to design efficient preconditioners for the augmented system (3.5a) for computing search
directions; see [16] for details.
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Primal-dual path-following interior-point methods (IPM) are known to be highly efficient
methods for solving linear SDP problems, both in computation [15] and in theoretical com-
plexity [11, 20]. The earliest extension of standard primal-dual path-following algorithms
to solve QSDP was done in [1] where for each iteration, a linear system of dimension m + p
must be solved directly, say by Cholesky decomposition. Here, p is the rank of ), and p =7n
if @ is nonsingular. For an ordinary desktop PC, this direct approach can only solve small
size problems with n less than a hundred due to the prohibitive computational cost and
huge memory requirement when n is large.

In recent applications such as the nearest Euclidean distance matrix completion problems
arising from molecular conformation or senor network localization, there is an increasing de-
mand for methods that can handle QSDP where n or m is large. This motivated us to
pursue the idea of solving the large linear system inexactly by an iterative solver to over-
come the bottleneck mentioned in the last paragraph. Infeasible primal-dual path-following
algorithms using inexact search directions have been investigated extensively in LP, linear
SDP, and more generally monotone linear complementarity problems; see [2], [7], [12] and
[18]. For linear SDP, an inexact infeasible interior-point algorithm was introduced by Kojima
et al. in [6] wherein the algorithm only allowed inexactness in the component corresponding
to the complementarity equation (the third equation in (1.3)). Subsequently, Zhou and Toh
[19] developed an infeasible inexact path-following algorithm which allowed inexactness in
the primal and dual feasibilities, and complementarity equations. Furthermore, primal and
dual feasibilities need not be maintained even if some iterates happen to lie in the feasible
region. In [19], it is proved that the algorithm needs at most O(n?In(1/¢)) iterations to
compute an e-optimal solution.

Our interest in this paper is to extend the inexact primal-dual infeasible path-following
algorithm in [19] to the case of QSDP. We will focus on establishing the polynomial iteration
complexity of the algorithm. In particular, we show that the algorithm needs at most
O(n?1In(1/e€)) iterations to compute an e-optimal solution for (P) and (D). This complexity
result is the same as that established for a linear SDP in [19]. The complexity analysis of
our proposed algorithm is similar to the case of a linear SDP in [19]. But there is a major
difference in that we always have to consider the effect of the quadratic term in the objective
function of QSDP. In particular, Lemma 3.5 shows that the complexity bound we obtained
is dependent on ||Q||2. We hope that the theoretical framework we developed here for QSDP
can lead to further development of inexact primal-dual infeasible path-following methods for
broader classes of SDP problems such as those with an objective function f(X) in (P) that
is convex with a Lipschitz continuous gradient but not necessarily quadratic.

We should point out that the numerical implementation and evaluation of our proposed
inexact algorithm for QSDP has been thoroughly studied in [16] and [17].

The rest of this paper is organized as follows. In the next section, we define the infeasible
central path and its corresponding neighborhood. In addition, we also establish some key
lemmas that are needed for subsequent complexity analysis. In section 3, we discuss the
computation of inexact search directions. We also present our inexact primal-dual infeasible
path-following algorithm and establish a polynomial complexity result for this algorithm.
In section 4, we give detailed proofs on the polynomial complexity result.

Throughout the paper, we made the following assumption.

Assumption 1.1. Problems (P) and (D) are strictly feasible. We say that (P) and (D)
are (strictly) feasible if there exists (X,y, Z) satisfying the linear constraints in (1.3) and
X,Z=0(X,Z = 0).
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An Infeasible Central Path and Its Neighborhood

Let L = ||Q||2. Note that L is a Lipschitz constant of the gradient of f(X) defined in (P),
i.e.,

IVF(X) = V) =[QX) - oY) <L|X =Y. (2.1)
Let (Xo, Yo, Zo) be an initial point such that

Xo=2p = pI7 (22)

where p > 0 is a given constant. For given positive constants -y, < 74 such that v4 + Ly, €
(0,1), the constant p is chosen to be sufficiently large so that for some solution (X, ys«, Zx)
to (P) and (D), the following conditions hold:

(1 =7)Xo = Xu 20, (1—=(ya+ L)% - 2. =0, (2:3)
Tr(X,) + Tr(Z,) < np. (2.4)

Remark 2.1. Under the condition v4 + Ly, < 1, 7, could be close to 0 for a large L.
Without loss of generality, we may always assume L < 1. This can be easily achieved by
scaling f(X) with a proper constant. In particular, for the case where ||Q]|2 > 1, we may
consider the following pair of scaled primal and dual problems instead:

(P")  min {;X.@(X)JréoX | A(svecX) = b, XEO},
(D')  max {—;Xo@(X)—kay |ATy+2Z2=0(X)+C, Z >0},

where Q@ = Q/|Q||» and C = C/||Q ..

We define
po = XoeZo/n =p? (2.5)
RE = A(svecX;)—b, (2.6)
svecR! = —svecVf(Xy)+ ATy, +svecZ. (2.7)

For 0,v € (0, 1], the following infeasible KKT system has a unique solution under Assump-
tion 1.1:

—svecVf(X)+ ATy +svecZ fsvecRd
A(svecX) —b = ORE ., X, Z>0. (2.8)
Hp(XZ) viol

Define the infeasible central path as:
P={(0.v,X,y,Z) € Ryy x Ryy x S, x R™ x 8% such that (2.8) holds} .

The primary idea of a primal-dual infeasible path-following algorithm is to generate a se-
quence of points (X% y*, Z*) such that (6%, v%, X* y* ZF) € P and (X*,y*, Z*) converges
to a solution of (P) and (D) when #* and v/* are driven to 0. In practice of course, the points
are never exactly on the central path P but lie in some neighborhood of P. In our inexact
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primal-dual infeasible path-following algorithm, we consider the following neighborhood of
P. Choose a constant v € (0,1) in addition to v, and 74, we define the neighborhood to be:

0,0, X,y,2) € (0,1] x (0,1] x ST, xR™ xS, : 0 <,

—svecVf(X)+ ATy + svecZ = O(svecRd + £9), 1€ < yap,

A(svecX) — b= O(RE +€7), [A*E7]| < ypp,

(1 _’Y)VMO S )\min(XZ) S )\max(XZ) S (1 +'Y)1//~LO

Let 6y = vg = 1. Tt follows from (2.2) that (6, vo, Xo, Yo, Zo) € N. It is easy to show that if

0,v,X,y,Z) € N and P € C(X,Z), then Hp(XZ) = PXZP~! is symmetric and has the

same set of eigenvalues as X Z. From the definition of A, it is easy to see that we have
(1= wpol < Hp(XZ) < (1+7)wpol (2.9)
(I—7vpe < XeoZ/n < (1+7)vuo. (2.10)

Next, we present two lemmas that are needed for the iteration complexity analysis in
section 3.

Lemma 2.2. For any 1, and rq satisfying ||rq]| < vap and |ATry|| < ~v,p, there exists
(X,9,Z) that satisfies the following conditions:

—svecV[f(X)+ATj+svecZ = svecRl+rq, (2.11)
A(svecX)—b = Ry +rp, (2.12)
(I=m)pl = X = (1470l (2.13)
1= (va+Ly)pl = Z =<1+ (ya+ Ly)lpl . (2.14)
Proof. Let
svecX = svecXg + A*rp ,
vy o= Y,
svecZ = svecZy+rq+ Q(svecf() — Q(svecXy) ,

(2.11)—(2.13) are readily shown. To show (2.14), we only need to establish the following
inequality:

Ira + Q(sveeX) — Q(svecXo)|| < ||rall + |Q(svecX —sveeXo)l| < (va+ Lyy)p.
O

Lemma 2.3. Given the initial conditions (2.2), (2.3) and (2.4), for any (0,v,X,y,Z) € N,
we have

OTe(X) < 6vpn 6vpn .
1= (va+ L) L=

Proof. This proof is adapted from that for Lemma 2 in [19]. For (8,v, X,y, Z) € N, we have

, 0Tr(Z) <

—svecVf(X)+ ATy +svecZ = O(svecRY +14), |rall < vaps (2.15)
A(svecX) —b=0(Rb +1,), [[ATr,l <ypp. (2.16)
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By Lemma 2.2, there exists (X,7,Z) satisfies conditions (2.11)—(2.14). Also, a solution
(X4, yx, Zs) to (P) and (D) satisfies the following equations:

A(svecX,) —b=0,
—svecVf(X,)+ ATy, +svecZ, =0.

Let
X=(1-0X,4+6X-X, §=01—-0y.+0j—vy, Z=(1-0)Z,+0Z— Z.
Then we have

A(svecX) =0, AT(})+svecZ = Q svecX.
Hence (X, Z) = (X, Q(X)). Together with the fact that Q is positive semidefinite, we
have

(1-0)X. +0X,Z)+(X,(1-0)Z, +0Z)
= (1-0)X.+0X, (1-0)Z. +0Z)+ (X, Z) — (X, Q(X))
< {Q-0X. +6X,(1-0)Z, +0Z) + (X, Z). (2.17)

By using (2.4), (2.10), (2.13), (2.14), (2.17), and the fact that X, eZ, =0, X, eZ, XeZ, > 0,
we have that

0p[(1 — (g +Lyp) e X +(1—7,) e Z] < 0(ZeX + X o Z)

< AQ-0X. +6X,2) + (X, (1 -0)Z, +67)
< {1-0)X. +6X, (1-0)Z.+0Z) + (X, Z)
< 1-0)(X, 0Z+XeZ)+0’XeZ+XeZ
< 01 —-0)(14+va+ Lyp)p(X. ol +1eZ,)
0% (14 7p) (1 + 74 + Lyp)p*n + (1 +7)vpon
< 6V,02n.
From here, the required results follow. O

Remark 2.4. {(X,y,2) | (0,v,X,y,Z) € N} is bounded if § = v, since from Lemma 2.2 we
have || X|| < Tr(X) < O(pn) and ||Z|| < Tr(Z) < O(pn). Suppose we generate a sequence
{0k, ks Xk, Yk, Zr)} € N such that

v >0, Vk, and 1 =1y > v > vgg1 > 0.

If vy — 0 as k — oo, then any limit point of the sequence { Xy, yx, Zr} is a solution of (P)
and (D). In particular, if 6; = vy, then the sequence { Xy, Z;} is also bounded.
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An Inexact Infeasible Interior Point Algorithm

Let n1,m2 € (0,1] be given constants such that 1y > 7. Given a current iterate (0, vy,
Xk, Yk, Zr) € N, we want to construct a new iterate which remains in A/ with respect to
smaller 6 and v. To this end, we consider the search direction (AXy, Ayg, AZ) determined
by the following linear system:

-Q AT I svecA X}, —n(svecR{ + r)
A 0 0 Ayy, = —m (RY +1%) , (3.1)
E; 0 F svecAZ; svecR{ + 7,

where for P, = V[/'k_l/2 (W is the NT scaling matrix satisfying Wy Z, Wy = Xy),

Ey=P,®P;'Z;,, F,=P '®P.X,
svecR{ = —svecV f(Xy) + ATy, + svecZ, R} = A(svecXy)—b
Ry = (1 = m2)vipol — Hp, (XiZg).

Here A ® B denotes the symmetric Kronecker product of any two n x n matrices A and B,
and for any X € 8", it is defined by

(A® B)svec(X) := %svec(AXBT + BXAT). (3.2)

We refer the reader to the appendix of [14] for some of its properties. The last equation of
(3.1) is equivalent to

Hpk (Xka + AX. 7, + XkAZk) = (1 - ’r)g)l/,uol + smatr,@. (33)

The search direction (AXy, Ayx, AZ) is just an “inexact” Newton direction for the per-
turbed KKT system (2.8). On the right hand side of (3.1), R¢, R} and R§ are the residual
components for infeasibilities and complementarity, whereas the vectors r,‘j,r%ri are the
residual components for the inexactness in the computed search direction.

Let {ox}72, be a given sequence in (0, 1] such that & := Y - ;o) < co. We require the
residual components in the inexactness in (3.1) to satisfy the following accuracy conditions:

AT\ < yppOrow, |1l < vapOrow,  |Irill < 0.5(1 — m2)yvipo. (3.4)

Remark 3.1. In practice, we can solve (3.1) by the following procedure:

1. Compute Ay and AXy from the following augmented system:

= T
@-F B A ] (3.5a)

A 0

svecAXy | —n(svecRy + ri) — F 'svecRy
Ay —m(RE +7%)

with the residual vectors r{ and ! satisfying the conditions in (3.4).

2. Compute AZy from

svecAZ, = —kalEksvecAXk + F,;lsvech. (3.5b)
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Here, we can see that AZj is obtained directly from (3.3) with r{ = 0. Thus, r{ can be
ignored in the system (3.1). The dimension of the augmented system (3.5a) is n? + m,
which is typically a large number even for n = 100. The computational cost and memory
requirement for solving (3.5a) by a direct solver is about O((n? + m)3) and O((n? + m)?)
respectively, which are prohibitively expensive for large scale problems. An iterative solver
would not require the storage or manipulation of the full coefficient matrix. However, the
disadvantage of using an iterative solver is the demand of good preconditioners to accelerate
its convergence. In practice, constructing cheap and effective preconditioners could be the
most challenging task in the implementation of an inexact interior-point algorithm for solving
QSDP; see [16] for details.

After computing the search direction in (3.1), we consider the following trial iterate to
determine the new iterate:

(Ok (@), v (), Xi(a), yr(a), Zk(a)) (3.6)
= ((1—am)bk, (1 — an2)vg, Xi, + aA Xy, yr + aAyw, Zi, + aAZy), o€ [0,1].

To find the new iterate, we need to choose an appropriate step length ay to keep the new
iterate in V. The precise choice of oy will be discussed shortly. Before that, we present our
inexact primal-dual infeasible path-following algorithm.

Algorithm IPC. Let 6y = vy = 1. Choose parameters 1,72 € (0,1] with n; > 79,
¥p,va € (0,1) such that v, < v4 and v4 + Ly, < 1. Pick a sequence {o}}7°; in (0,1]
such that ¢ := Y ;- o < oo. Choose (Xo,yo, Zo) satisfying (2.2), (2.3), (2.4). Note that
(60, v0, Xo,Y0, Zo) € N.

For k=0,1,...
1. Terminate when v, < e.
2. Find an inexact search direction (AX}y, Ay, AZy) from the linear system (3.1).

3. Let ay, € [0, 1] be chosen appropriately so that

(Ok415 Vi1 Xt 15 Ykt 1s Zig1) = (O (o), v (o), Xi(ow), Yk (o), Zi (o)) € N.

Let ag,a1,...,a5_1 be the step lengths that have already been determined in the pre-
vious k iterations. For reasons that will become apparent shortly, we assume that the step
lengths «;, i =0,...,k — 1, are contained in the interval

T = [0,min{1,1/(n (1 +))}]. (3.7)
Let the primal and dual infeasibilities associated with (0 (a), vk (), Xk (@), yr(a), Zr(a)) be
Ri(a) = A(svecXy(w)) —b,
svecR(a) = —svecVf(Xi(a))+ ATyr(a) +svecZy(a).

We will show that RY () and R¢(«) satisfy the first two conditions in A/ when « is restricted
to be in the interval Z given in (3.7).

Lemma 3.2. Suppose the step lengths «; associated with the iterates (0;,v;, X;,yi, Zi) are
restricted to be in the interval Z for i =0,...,k — 1. Then we have

Ri(a) = Ox(a)(Ry+ & (o)) (3.8)
Ri(a) = 6(a)(svecRd +¢l(a)) (3.9)
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where
AT (@) <o, (1€ Q)] < vapy, Yo €L

Proof. Note that RY(«) has exactly the same form as in the inexact interior-point algorithm
considered in [19] for a linear SDP. Using the result in [19], we have

Ry (a) = 0 () (RE + &5 (av)),

where

k—1
Pla)=¢P M p S/ N N — 3.10
gk( ) fk (1 _ 05"71)916 k ZO (1 _ ainl)ei 3 (1 _ 04771>9k: k ( )

1=

The quantity R¢(«) is different from its counterpart in a linear SDP as it contains an extra
term coming from the quadratic term in the objective function. Thus, we need to investigate
the details. Given that the current iterate belongs to N, we have

svecRi(a) = —svecV[(Xi(a)) + Alyi(a) + svecZi(a)
= —svecVf(X;)+ ATy, +svecZ;, + a[—Q(svecAX},) + AT Ay, + svecAZy]
= svecRY — am(svecRY + 1)

= (1- am)@k(svecRg + 5,?) — amrg

- (1— 9 d d _ Qamn d
(1—am) k(svecRO + & A= am)te rk>
= f(a) (svecRg + 5,‘;1(04))7
where
an —  am an
d _ ed 1 d _ _ i d_ 1 d
gk(a) - é-k (1 o anl)ek Tk Z (1 o 051'771)'91' r; (1 7 anl)gk Tk- (311)

i=0
From (3.10) and (3.11), we see that since a; < m fori=1,...,k—1, we have

IA*E (@)l < vp. IR (@I < vap, Ya el

Let

1 0.5(1 = n2) ko } (3.12)

m(1+a)" |Hp (AXLAZy)||

Next, we check the last condition in /. The following lemma generalizes the result of Lemma
4.2 in [20].

ap = min {1,

Lemma 3.3. For (0, vk, Xi, Yk, Zr) €N and AXy, AZy, satisfying (3.1), we have

(a)  Hp, (Xg(a)Zk(a)) = (1—a)Hp (XrZk)+ a(l —ne)vkpol
+asmatr{ + o*Hp, (AX AZy)

B =@ < MX(@Zi(@) < L+ vl@pe Va e [0,a].
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Proof. (a) The proof of part (a) is quite standard and uses equation (3.3).

(b) The proof uses the fact that for any matrix B € R™*" the real part of its spectrum is
contained in the interval given by [Anin(B + BT)/2, Amax(B + BT)/2]. In particular, for any
nonsingular matrix P, we have

Re\i(B) = ReXj(PBP™1) € Auin(Hp(B)), Amax(Hp(B))] Vi=1,...,n.

Using the above fact, we have for any i = 1,...,n,
Ai( X (@) Zy () = (1 = y)vi(a)po
2 Amin(Hp, (Xi(a) Zi(a))) = (1 = v)ve(a)po
> (1= a)1=7)vpo + a(l = m2)vipo — allrill — | Hp (AXkAZy)|| — (1 = 7)vi(a)po
= ay(1 = m)vkpo — allrill — o®| Hp (AXpAZy)||
> 0.5a(1 — ) ywrpo — &F|| Hp (AXkAZ)||

> 0 forael0,al

The proof that (X (a)Zk(a)) < (1 + vy)ve(a)po for all a € [0, @] is similar, and we shall
omit it. ]

Lemma 3.4. Under the conditions in Lemmas 3.2 and 3.5, for any « € [0, &y], we have
(0(a),v(a), X (@), y(a), Z(a)) € N.
Proof. The result follows from Lemmas 3.2 and 3.3. O

Lemma 3.5. Suppose the conditions in (2.2), (2.8) and (2.4) hold. Then

o)
A= (ar L2 (.13

|Hp, (AXyAZy)|| =

The proof of Lemma 3.5 is non-trivial and we devote the next section to its proof.
We are now ready to present the main result of this paper, the polynomial iteration
complexity of Algorithm IPC.

Theorem 3.6. Let € > 0 be a given tolerance. Suppose the conditions in (2.2), (2.3) and
(2.4) hold. Then vy < € for k = O(n?In(1/e¢)).

Proof. From (3.12), Lemma 3.4 and Lemma 3.5, we know that

Oézzo_émln{].,l70(1)}, 2:0,,]’(1
m(l+a) n?

Then we have

k—1
Vg = H(l — ;) < (1 —amp)k < e for k= O0(n%In(1/¢)).
i=0
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Proof of Lemma 3.5

For a given (0, vk, Xk, Yk, Zr) € N, the purpose of Lemma 3.5 is to establish an upper bound
for ||Hp, (AXpAZ)||. Throughout this section, we shall consider only the NT direction,

where P, = W, /%, with W), € S, satisfying Wy Z, Wy, = Xj.
It is easy to verify that
Wi =B = 2.2, X2 P2 = PGP xR E, @)
and consequently
Amax (W) < Amae ((X1* 26 X%) 712 ) A (X), (4.2)
Amin(Wk) Z )\min ((Z;/QXICZ;/2)1/2> Amin(Zk,_l)- (43)

To facilitate our analysis, we introduce the following notation:
Xy = PuXy Py, Zyp = P Zy Pl
AXy = PLAXy Py, AZy = PUAZLPTY
E.=Ey(PlleP YY=Zy @I,
Fo=F(P®P) =X, ®1.
From the fact that I/Vkl/2Zkal/2 = W,;l/szW,Zlﬂ, we have
7, =Xy, Ep=F. (4.4)

It is readily shown that ﬁk, Ek, ﬁkﬁk S Sj_ o Let the eigenvalue decompositions of X L and
Ek be:

Xk = Z), = QuMiQY, (4.5)
where QL Qr = I, Ay = diag(\}, ..., A?), and A}, < ... < AZ. From (2.9), we have
(1= Nvipo < (A)? <+ < (AR < (1 + ) vipo. (4.6)
Let
~ ~ - 1 ~ A om o~
S, = E.EF= §(Xk ®Zy+ XpZp® 1) (4.7)

1
= 5(@u@Qr)(Ar® Ay + A D(Qr®Qr)".
Then the eigenvalues of §k are given by
~ 1, .. . .o
A(Sy) = {Z()\f NP 1<) j =1, 0}

From (4.5) and (4.6), we have,

(1= wrpol = Si = (1+y)vepol, (4.8)

and ]
Sills < (1 S, < —— 4.9
[Skll2 < (L4 y)vkpo, I1S; 2 < A= e (4.9)

Now we state a few lemmas, which lead to the proof of Lemma 3.5.
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Lemma 4.1. For any M € R"*™,
1

P, ® Py)svecM|? < ————— || Z,|1?|1 M]|?,

|(Pr ® Py) | (1—7)%#0“ el 7 1Ml
1

P le P Y)sveeM|? < ———— | X412 M2

1Pt @ P sveel |* < (e 1 Xl P

Proof. First we note that Z;/ZX;CZ;/Q, X;/szX;/Q, and XpZ; are similar, and
Amin()(ka) > (1 —’Y)Vklio- From (42)7 (43)7 we have

A (W) < —XEL > Y= Wi (4.10)
(L = Y)vipo 1 Zk|
By (4.10), we have
I(Py® PosvecM|? < [Py Pyl M2
< MW I < e | Ze M
Similarly, by (4.10), we have
(Pt @ P hsveeM|® < | Pt e P M)
< R WOIMIE € e XM
O
Lemma 4.2.
|svecAX,||? + |lsvecAZy||* + 2AX, e AZ, = ||§,Zl/2(svech + )3,
Hp, (3X; 82| < 3 ((lsveeARil? + sveeAZi?).
Proof. The last equation of (3.1) can be rewritten as
Ej(svecAXy) + Fy(svecAZy) = svecR§ + r5. (4.11)

Multiplying (4.11) by §,;1/2 from the left, we have
svecAX; + svecAZ;, = S'\k_l/z(svech + 7).

From here, the first equation in the lemma follows.
For the second inequality, by Lemma 4.6 of [10], we have

1 - -
1Hp (AX(AZ)| = SIIPAXAZP + P AZ AKX Py
< |PAXAZ P = [AXGAZL| < |AXK]IAZK]
1 S ~
< §(||svecAXk||2 n HsvecAZk||2>.



AN INEXACT PATH-FOLLOWING ALGORITHM FOR CONVEX QSDP

Lemma 4.3. We have
1S, % (sveeRg + 7§)|1? = O(nwipo)-
Proof. From (3.4) and (4.9), we have

Hg*l/?rzHQ < HS\_IHQHTIP@”Q < 0'25[(1 — 772)’7Vk,u0]2 _ [(1 - 7]2)7}21%/10
k — k — -

(1 —¥)vepo 4(1—7)

Observe that from (4.5),
svecRS = (Qr ® Qr)svec((1 — no)vppol — AZ).
Thus

1S, ?svecRs || < |5} Y|z |[svecRs |2

n

: > ((1 = 12)Vifho — ()\f)Q)Z

(1 —=y)vkpo =

NV fio

< 2 by (4.6).

The required result follows from (4.12) and (4.13). This completes the proof.
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(4.12)

(4.13)

O

In the rest of our analysis, we introduce an auxiliary point (X, 7k, Z) whose existence
is ensured by Lemma 2.2. From Lemma 3.2, we have the following equations at the kth

iteration:
—svecVf(X.) + ATy, + svecZy, = Oy (svecRE + &), [|€X] < yap,
A(svecXy) — b= O(svecRE +&7), [|ATEL| < vpp.
Thus by Lemma 2.2, there exists ()?k, Uk Zk) such that
—svecV[f(Xy) + AT +svecZ, = svecRI + ¢}
A(svecX)—b = RP+¢&P
(L=yp)pl = Xy 2L+l
1= (a+Lwlpl = Zx Z[1+(a+ L)l
Lemma 4.4. Let
Xo=Xp— Xy — 00X — X.), Zn=2p—Z — 0u(Z1, — Z4).
The following equations hold:

(X, Z) = (Xi, QXk),

<svec(AXk + mﬁk()?k - X))+ 771A+7ﬂ£7 svec(AZy + n19k(2k —Zy))+ mrfj>
- <svec(AXk + 171916(5(:;c - X.)) +mA*r, Q svec(AXy, + 771916()?16 - X*))>

(4.14)

(4.20)

(4.21)
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Proof. By (4.14)—(4.17) and the fact that

AsvecX,—-b = 0,
—svecVf(X,) + Ay, +svecZ, = 0,
we have
AsvecX; = 0
AT (yr —yo — Ok(Ur — y2)) +svec(Z) = Q svec(Xy),

which implies (4.20). Next, by (3.1), and (4.14)—(4.17), we have
A(svec(AXk + (X — X)) + 771A+7“Z) =0
A" (Ayk + MOk (Yr — y*)) + svec(AZy, +mOk(Zy, — Z.)) +mr

= Qsvec(AX +mbu(Xp — X)),
which implies (4.21). O

Let

1/2
[svecAXy||? + |[svecAZ| ) (4.22)

1/2
1Py @ POA*EI + (P @ Pr)?) (4.24)

(H (P ® Psvee( K — X2+ (P @ P )svee(Z — 2)1F) ' (423
|

1P @ PYQ (AR (4.25)
Then we have the following lemma.
Lemma 4.5.
Ty < 2m(0kTo + T3+ Ty) + /15,
where
= |1 2 (svee Ry, + §) |2 4+ 20f03( X — X, Z — Z.) + 207 (O ToTs + T3 + O, T2y ).
Proof. By (4.21), we have that
—(AXy, AZy) = —(AXy, AZ)
= m@kKAXk, Zy — Z*> + <)?k - X, AZk>] + 771[<svecAXk, rk> <A+rk, svecAZk>]
—|—7ﬁ0k[<svec()?k - X)), r > (A*ry, svec(Zy — Z, 0]+ ni(ATrE, rk>
+77%9/2¢<)?k — X, Z) — Z.) —m{Atr], Q svec(AX), + MmOk (Xp — X))
—(AXg +mO(Xy, — Xu), Q (AXg +mbi(Xk — X))).
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Also, we have the following inequalities:

‘<AX]€, Zk — Z*> + <)}k - X, AZk>|

= (AXy, PPN Zy — Z)P7) 4+ (Pu(Xy, — Xo) Py, AZL)| < T
|(svecAXy, ri) + (ATr, svecAZ)| < TiTy
|<svec()~(;C - X.), riy + (AT, svec(Zy, — Z)) < ToTs
(At )] < T3
(At Q svec(Xy, — X)) £ Ty
[(A*r], Q svecAXy)| < TiTy
—(AXp + mO(Xp — X)), Q (AXy +mbp(Xip — X.))) < 0.

IN

In the above, we used the Cauchy-Schwartz inequality and the fact that ac + bd
Va2 4+ b2/ c2 + d? for a,b,c,d > 0.

By Lemma 4.2, and the above inequalities, we have

T2 = |5, *(svecRs + r§)|? — 2(AXy, AZ)

IA

2 (7719kT1T2 +mTiTs + N0k ToTs + 07Ty + ni0xToTy + 771T1T4)

+|15; P (svecRy + rf)|1? + 20203 Xy, — X, Zp — Z.)
= 2pTy(0kT2 + T3 + Ty) + Ts.

The quadratic function ¢ — 2m (0T + T5 4+ T4)t — T5 has a unique positive root at

ty =mOTe+T5+Ty) + \/ﬂ%(esz + T3+ Ty)? + Ts,
and it is positive for ¢ > ¢, hence we must have T1 <ty <2n(0xTo +T5+Ty) +T5. O

Lemma 4.6. We have

O(1)
T2 = v .
DT U (at Ly
Proof. By (3.4), we have
IATPE| < Okvpp,  [Irfll < Oyap. (4.26)

By Lemma 4.1 and the fact that ||M|| < Tr(M) for M € ST, we have

1
I(Py ® Pr)ATr}? < mllx’“?‘i’llrzllﬂ\\2
2 2 2 2
TP P
< u_:mﬁillellz S (l_im‘)i[Tr(Zk)]Q
P 36 2.2 2 0(1)

2
n-v = ——————n°y by Lemma 2.3.
T e L N CEeh EA
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Similarly, we have

_ _ 1
1Pt @ P )rill? < —————IIr{ Pl Xl
(1 —)vkpo
2 2 2 2
YaP 2 2 YaP 2 2
—eO7|| X < —24 97 Tr(X
= (1 7 V)Vkﬂo kH || = (1 — ’Y)VkNO k[ ( k:)]
2p? 36 O(1
4P n*vip? = (1) n?vppo by Lemma 2.3.

(1 =y)vipo (1= (ya + Lyp))? (1= (va + Lp))*
From here, the required result follows. O
Lemma 4.7. Under the conditions (2.2), (2.3) and (2.4),
(X), — Xu, Z1,— Z.) < Anpo.
Proof. The result follows from Lemma 11 in [19], and (4.18) and (4.19). O
Lemma 4.8. Under the conditions (2.2), (2.3), and (2.4),
03TF = O(n*vipo).

Proof. By the fact that 0 < X, — X, < (14 ~p)pI, we have

I(Py ® Py)svec(Xx — X.)|| = [|Pe(Xk — X.) Py

< Tr(Pu(Xk — X)Py) = (WL Xy, — X))

= (@ X278, 2% - X02,%) by (41)

< Al (2 X622 (2, X - X

< ' L xox)

(1 —y)vkpo

Similarly, from 0 < Z), — Z, < (1 +~a + Lvp)pI, we have

1P (Ze — Z)P Y| < Te(Py Y (Zi — Z) P
= <Wk7 Zk - Z*>
= (X} Pzx)) V2 X2, - 2)XP) by (40)

(Pt @ Py Y)svec(Zy — Z.)|

< Mmax (X2 2o X2V (X, Zy — 2.
1 ~
< 7<ka Zy — Z*>-
(1 —W’)Vk,uo

Therefore, we have

~ ~ 2
0213 < 03 (I(Py @ Po)svee(Xy — X + (Pt @ P )svec(Zy - 2.)]))

i

=~ ~ 2
m«zk, X — Xo) + ( Xk, Zi — Z*>) )
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From (4.20) and the facts that X, e Z, =0, X, Z,, X, ® Z),, Xy 0 Z,, Z ¢ X, = 0, we
have
9k<)~(k - X, Zi) + 0u( X, Zy — Zy)
= XpoeZy—XpoeZ,— X, 0L +X,07,
+06((Xo, Zi — Z.) + (X — Xo, Z.)) + 03Xy — Xo, Zi — Z.)
—{(Xp — Xo — Op(X5 — X.), Q(Xp — X — 04( X — X.)))

< XpoZp+0u(Xi0Z+ X 0Z,) + 602X, 0 Z
< (L yvkpon + 01+ 72 + Lyp)p(Xs o I+ 1 0 Z.) + 07 (1 + 7)) (1 +va + Lyp)p°n
< Bugpon.

Thus 0775 = O(n*vpo). O

Lemma 4.9.

o(1) s
(1= (a+ Ly))2

17 =

Proof. By Lemma 4.1, we have

1
T < ———IXelPIQAT))?
AT AL i L]
1
< X 2L2 A+7"p 2
< T LA
2 272
YpP L
< O X
(L =)vkpo
2L2 1
< T oQ) 2n2u,§p2, by Lemma 2.3
(I =y)ve (1 = (va + L))
o(1
_ (1) 2 0.

(1= (va+ Lyp))?

The following proof directly leads to Lemma 3.5.

Lemma 4.10.
0O(1)

(1= (a+Ly))?
Proof. From Lemma 4.5 to Lemma 4.9 and the fact that (a + b)? < 2a% + 2b%, we have

2 2
7 = N Vg ho-

IA

2
T12 (2771 (HkTg + T3 + T4) + vV T5)

8(0, Ty + T3 + Ty)% + 275

IN

IN

8(0xTs + Ts + Ty)? + 2||S;, /* (svecR + r§)|1> + 463 ( Xy — X, Zy — Z..)
+40, ToTs + ATS + 40, To T

o(1)
(1= (va + Lp))

IN

5 n2vgpo + O(nugpg).
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Thus, by Lemma 4.2 and Lemma 4.10, we have

1 0(1)
Hp (AXpAZy)| < =TE = 2 ]
|| Pk( k k)” =9 1 (1 — (’Yd +va))2’l’b Vi o
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