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A SINGLE FACILITY MINISUM LOCATION PROBLEM WITH
UNCERTAINTY

MASAMICHI KON

ABSTRACT. In this paper, we consider a single facility location problem. It is
assumed that demand points and associated weights are given. The demand
points represent locations of users of the facility. For each demand point, the
weight associated with the demand point represents the demand quantity of the
facility. The single facility minisum location problem is a problem to minimize
the total sum of weighted distances from the variable location of the facility to
the demand points. We consider the demand points and weights as parameters.
The demand points and weights with uncertainty are represented as bounded and
interval uncertainty sets, respectively. First, we consider minimax and maximin
problems to minimize and maximize with respect to the variable location of the
facility and the parameters, respectively. Next, we propose a new interval-valued
approach in order to treat such uncertainty. Furthermore, we also present a
procedure to find all (weak) efficient solutions of the one-dimensional interval-
valued minisum location problem derived by the interval-valued approach.

1. INTRODUCTION

Given demand points which are fixed points in R™, a single facility minisum
location problem or simply a minisum location problem is a problem to find the
variable location € R" of the facility, which minimizes the total weighted distances

from « to the demand points. Let a? eR" ¢=1,2,...,m be m demand points,
and let || - || be a norm on R™. Then, the minisum location problem is formulated
as follows:

m
P i e —a?
(P) min >~ ofz — af|

i=1
where w) > 0 is a weight associated with the demand point af for each i €
{1,2,...,m}. We set w® = (w?,w9,...,w%).

The minisum location problem without uncertainty is dealt in [6, 8, 13, 14, 15, 16]
and many other literature. A suitable iterative method or linear programming
can be applied to the minisum location problems without uncertainty according to
the problems in them. However, in real-world problems, the locations of demand
points and/or the weights are often not known precisely. Such uncertainty is dealt
as uncertainty sets in [4, 5, 9, 10, 11, 18|, and as random variables in [1, 3, 12,
17]. A suitable iterative method, (conic) linear programming, heuristic method,
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second-order cone programming (SOCP), or semidefinite programming (SDP) can
be applied to the minisum location problems with uncertainty sets according to
the problems in them. A suitable iterative method can be applied to the minisum
location problems with random variables according to the problems in them.

In this paper, we deal with the uncertainty as uncertainty sets. It is suitable
when probability distributions can not be determined, for example, because of lack
of data. We consider the demand points and weights as parameters, and represent
uncertainty of the demand points and weights as bounded and interval uncertainty
sets, respectively.

First, we consider minimax and mazximin problems to minimize and maximize
with respect to the variable location of the facility and the parameters, respectively.
Then, a relationship between them is derived. The minimax problem is a robust
optimization problem [2], and the maximin problem is a problem to find the worst
case of the optimal value in the variable location of the facility with respect to the
parameters.

Jamalian and Salahi [9] considered the minisum location problem in R? with block
norm in which uncertainty of the weights was represented as the interval uncertainty
sets, and the minisum location problem in R? with Euclidean norm in which un-
certainty of the demand points and weights were represented as the bounded and
interval uncertainty sets, respectively (see also [18]). Juel [11] considered the max-
imin problem in which uncertainty of the demand points was represented as the
bounded uncertainty sets (see also [4, 5, 10]). In other words, [9, 18] take a robust
optimization approach, and [11, 4, 5, 10] take another approach which analyzes the
range of optimal value and solution of the minisum location problem with respect
to the parameters.

Next, we propose an interval-valued approach as a new approach, in which the un-
certainty sets themselves are considered as the demand points and weights, and the
derived minimization problem with an interval-valued objective function is consid-
ered. Furthermore, we also present a procedure to find all (weak) efficient solutions
of the one-dimensional interval-valued minisum location problem derived by the
interval-valued approach.

The remainder of the present paper is organized as follows. In Section 2, some
notations and terminologies are presented. In Section 3, we present a relationship
between the minimax problem and the maximin problem. In Section 4, we present
an example such that optimal values of the minimax and maximin problems do
not coincide when some condition is not satisfied. In Section 5, we propose an
interval-valued approach as a new approach handling uncertainty. In Section 6,
we present a procedure to find all (weak) efficient solutions of the one-dimensional
interval-valued minisum location problem derived by the interval-valued approach.
In Section 7, we present a numerical example to illustrate the procedure of Section
6. Finally, conclusions are presented in Section 8.
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2. PRELIMINARIES

We consider the minisum location problem (P) with the demand points and

weights involving uncertainty. We set w = (w;,w,,...,w,,) € R™ and w =
(W1, Wa, ..., W) € R™, and assume that 0 < w; < w? < w;, i = 1,2,...,m.
Then

(2.1) [w,w]={weR": w<w<w}

is called an interval uncertainty set for the weights. For each i € {1,2,..., m} and
i Z 07

(22)  U={ad+a;:a R i <ri} = {b € R": b, — af]| <r;}

is called a bounded uncertainty set for the demand point a?.
We define f:R*" X R™ xR" x--- x R" - R as
~—_———

m times
m
(2.3) f@w, by, by, ... by) =Y will@ — byl
i=1
for each ¢ € R", w = (w1, wa,...,wy) € R™ and b; € R", i = 1,2, ...,m. Then,
the problem
(2.4) min max flx;w, by, be, ... by)

TER™ welw,w],b;elt; i=1,....m
is called the minimax problem. Let * € R™ be its optimal solution, and let fiinmax
be its optimal value. The problem

(2.5) max min f(x;w, by, by, ..., by)
we[w,w),b;elt; i=1,...,m TER™

is called the mazimin problem. Let w* € [w,w| and b; € U;, i = 1,2,...,m be its
optimal solution, and let fiaxmin be its optimal value.

The following two lemmas are very useful for our analysis hereafter.
Lemma 2.1. (Juel [11, Lemma 1]) For fized ,a € R™ and r > 0, consider the
problem

max  ||& — yl|,

2.
(2:6) st |ly—al <

Then, its optimal value is ||x — al|| + r. In addition, its optimal solution is y =
a+ gigpla—x) ifw #a, and is any y € R" with |ly — al| =r if & = a.

Lemma 2.2. (Juel [11, Lemma 2|) For fized ,a € R™ and r > 0, consider the
problem

min |z —yll,

(2.7) st Jly—al <.

Then, its optimal value is max{||x — a|| — r,0}. In addition, its optimal solution is

y:a—m(a—x) if le—al >r, andisy =x if | —al| < r.
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3. MINIMAX AND MAXIMIN PROBLEMS

This section derives a relationship between the minimax problem (2.4) and the
maximin problem (2.5).

The following theorem provides an optimal solution and value of the minimax
problem (2.4).

Theorem 3.1. Consider the minisum location problem

(P) min f(;®,al,a3, ..., ay,).

Let © € R™ be its optimal solution, and let f be its optimal value. Then, T* = T
and fminmax f+z 1w7“z

Proof. From Lemma 2.1, it follows that, for each « € R",

~ max flz;w, by, by, ..., by)
wew,w),b;elt; i=1,....m
m
= max ZwiH:L' — by

we['w w),b;els; i=1,...m

wi(l|lz — af|| + ;)

|
.MS

.
Il
—

I
Ms

wil|lz — ad)| —|—Zw Ti

-
I

= f(z;w,a?,al,...,ad, +Zwm
Therefore, we have the conclusions. O
Theorem 3.2. (Juel [11, Theorem 2]) Fiz any w = (wy,wa,...,wy) € [w, W),
and consider the minisum location problem
(PW) min f(z;w,a’,a),...,al).

b ASING

Let W € R™ be its optimal solution, and let f& be its optimal value. In addition,
consider the problem

max min f(x;w, by, by, ..., by).
bieui,l'zl .,m TER™

Let b € U;, i = 1,2,...,m be its optimal soﬁttzon and let f¥_ . be its optimal

0 _ ad .
value. If xW +# az-, =1,2,...,m, then b¥ = a? + m( V—zW), i =
1’ 2’ , M and maxmln fw + Zzil wiTs.

The following theorem provides a relationship between optimal values of the
minimax problem (2.4) and the maximin problem (2.5), and presents an optimal
solution of the maximin problem (2.5).
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Theorem 3.3. Let z® € R" be an optimal solution of (P®) (or (P)). If @ a?,

. _ * _ o * _ 0 T 0

i=1,2,...,m, then fmaxmin = fminmax, W* =w, and b; = a; + ||:sz—a,0” (a? —
o T

W), i=1,2,...,m.

Proof. Setting w = w in Theorem 3.2, we use the same notations as in Theorems
3.1 and 3.2. Since zW # a?, i =1,2,...,m, it follows from Theorems 3.1 and 3.2
that

Sfmaxmin = max min f(x;w, by, by, ..., by)
welw,w),b;el; i=1,...,m TER
> max min f(x;w, by, by, ..., by)
b,cu; i=1,....m TER™
_ W
- max min
m
w —
= 7+ E WqTy
=1
m
_ : 0 0 0 —
- a{%%ﬂf(w,wvalva% 7a’m) + § :wlrl
=1
m
= f+ E w;T;
=1

- fmin max-

Since frmaxmin < fminmax Py elementary calculus, we have fiaxmin = fminmax- Lhe
last part of the theorem is derived from Theorem 3.2. U

4. EXAMPLES

We consider examples given by Juelill] in our settings. Set n =1 and m = 2,
and let || - | = |-|. In addition, let 2 € R and f* be an optimal solution and
value of (PW) (or (P)), respectively.

Example 4.1. Let @) = 0, a) =4, r1 = 1, ro = 2, and let w{ = w) = 1, w,
— W, = wy, = Wy = 1. Then, an optimal solution of (P®) (or (P)) is any 2% &
[0,4], and the optimal value is fﬁ = 4. From Theorem 3.1, an optimal solution
x* € R of the minimax problem (2.4) is any z* = W ¢ [0, 4], and the optimal value
Sfinin max 18 fmin max = f@+w1r1 +ware = 7. From Theorem 3.3, an optimal solution
w* € [w,w] and b}, b5 € R of the maximin problem (2.5) is w* = w = (1,1) and

bf = —1, b5 = 6 (also b} = 1 when 2% = aY = 0, and also b} = 2 when 2% = aJ = 4),

and the Optimal value fmax min is fmax min — fmin max — 7.

Example 4.2. Let af = 0, a) = 4, 1y = rp = 1, and let w) = 1, v} = 2,

w; = wp = 1, wy = wy = 2. Then, an optimal solution of (Pﬁ) (or (P)) is

2W = a9 = 4, and the optimal value is fW = 4. From Theorem 3.1, an optimal

solution z* € R of the minimax problem (2.4) is ¥ = 2% = 4, and the optimal
value fminmax 15 fminmax = f & + Wir1 + Wary = 7. On the other hand, an optimal
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solution w* € [w,w| and b7, b5 € R of the maximin problem (2.5) is w* = w = (1, 2)
and b] = —1, b5 = 5, and the optimal value fiaxmin 15 fmaxmin = 6. Therefore, we
have fmaxmin =6<7= fminmax~

5. INTERVAL-VALUED APPROACH

This section proposes an interval-valued approach as a new approach handling
uncertainty.
We define f:R” — R as

(5.1) fi(x) = max f(@;w, b1, by, ... by,)
’lUG[Q,m,biEZ/Q,iZL...,m

for each € R™. From Lemma 2.1, it follows that, for each & € R",

iz = max f(z;w, b1, b, ..., by)
we[w>m7b¢€(/f¢,i=1,...,m
m
- max willz - b
welwwlb;elt; i=1,...m ;=

m
= S willle—all +19)
i=1
m m
= Z@ZH:B—CL?H-FZ@ZT%
i=1 i=1
m
= f(m;ﬁ,a(l),ag,...,agl)+Zﬁm.
i=1

It also can be seen that f is a convex function. In addition, we define f* : R* — R
as

(5:2) =) = min f(z;w, b1, b, ..., byy)
’LUE[M,m,biEZ//i,’iZL...,m

for each € R". From Lemma 2.2, it follows that, for each & € R",

=) = min F(@;w, b1, by, ... by)
’LUE[Q,@],I)Z'GUZ‘,%’:L...,WL
m

= min > willz — by

we[ﬂvﬁ]vbieuivizlwnm i=1

m
= > wymax{||lz — af| —r;,0}.
i=1

It also can be seen that f is a convex function. Since f is continuous, we have

(5'3) f(IB, [Qaﬁ]’uhu?v“'?um) = [fL(x)7fR(m)]
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for each € R™. Then, we consider the folloing interval-valued minisum location
problem:

(IP) min [f*(z), f(z)].

TeRn"

Now, for a,b,c,d € R with a < b and ¢ < d, we define orderings of [a, b] and [c, d]
as follows:

—

[a,b] < [c,d] ¥ a<eb<d,

[a,b) <[c,d & a<eb<d

—

Then, it follows that, for ,y € R™,

IN

e
s
h
8

[ (@), ()] < [fA), ()] ), i) < (FEw), R ),
[ (@), R (=@)] # [fF (). Fi(y)] (=), (=) # (), F(y)).,
[FE (@), ()] < [FH (), R (y)] (ff (@), (@) < (f (). ().

Thus, the interval-valued minisum location problem (IP) is equivalent to the fol-
lowing bicriteria programming problem:

(MP) min (fL(a:),fR(w)) .

LER™

o= 05 0=

Definition 5.1. Let T € R".

(i) & is said to be an efficient solution or globally efficient solution of (IP) and
(MP) if there is no & € R" such that (fL(z), ff(x)) < (f* (=), f(x)) and
(@), () £ (FH(@), 17 (@)

(ii) = is said to be a locally efficient solution of (IP) and (MP) if for some
neighborhood W of %, there is no & € W such that (f(z), ff(x)) <
(@), (@) and (fE(), () £ (FH(@), 1),

(iii) = is said to be a weak efficient solution or globally weak efficient solu-
tion of (IP) and (MP) if there is no & € R"™ such that (f*(zx), ff(x)) <
(fH @), f(@)).

(iv) T is said to be a locally weak efficient solution of (IP) and (MP) if for
some neighborhood W of &, there is no & € W such that (f(z), ff(x)) <

(fF@), (@)

Let £ € R". By the convexity of f% and fr, if @ is a locally (weak) efficient
solution of (IP) and (MP), then & is a globally (weak) efficient solution of (IP) and
(MP). Let E and WE be the sets of all efficient solutions and all weak efficient
solutions of (IP) and (MP), respectively.

The scalarization method [7] can be applied to the bicriteria programming prob-
lem (MP). However, it is not trivial whether all (weak) efficient solutions can be
determined even if the scalarized problems can be solved.
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6. ONE-DIMENSIONAL INTERVAL-VALUED MINISUM LOCATION PROBLEM

This section presents a procedure to find all (weak) efficient solutions of the
one-dimensional interval-valued minisum location problem (IP).

Throughout this and next sections, we set n = 1, and let || - || = | - |. In addition,
we represent a? and x as a? and x, respectively. In this case,

m
(P) min »  wl|z —al|,
zeR
=1
1P min [ f© R
() min [/(2), ()]
(MP) min (f*(x), f (@),
zeR
and
m m
= Z@Al‘ — a?| + Zwm,
i=1 i=1
m
= Zyi max{|z — af| — r;,0}.
i=1
Let C(1)7 (2), . ,cg)) (p < m) be all distinct values among a?,ag, ...,ad sorted
: R R L L
in ascending order, namely, iy <C¢m < < C(p) (p <m), and let c( €@y Cg)
(g < 3m) be all distinct values among ay, ag, oy ad—ry,aY—ro, .. ad —rpm, al+
71, ag +79,...,a% + rp, sorted in ascending order, namely, cé) < 0(2) < < c@).
For convenience, we set cg) = C(LO) = —oo and C( 1) = C(Lq_H) = oo. For each

ke {1,2,....,p+ 1}, we set Kt = [cﬁg_l), (k} ={zreR: (k y <a < c@)},
and fix any zf € int(K}), where int(K[) is the interior of K}t. For each k €
{1,2,...,q+ 1}, we set KkL = [C(Lk_l),c(Lk)] ={zeR: c(Lk_l) <z< c(Lk)}, and fix
any x¥ € int(K}).

It can be seen that £ is a piecewise linear convex function, and is linear on each
KE ke{1,2,...,p+ 1}. In addition, it follows that

61) (PP = 3 W — 3 ,

ie{j€{172,...,m}:ag<w,§} ie{je{l,?,...,m}:a?>x§'}

for each k € {1,2,...,p+ 1}, especially,

(6.2) (f®) (21 sz<o (fY (@F) sz>o

Moreover, it follows that

(6.3) () (1) < (F9'(@2) < - < (F) (pia)-
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Similarly, it can be seen that f is a piecewise linear convex function, and is linear
on each K, k € {1,2,...,q+ 1}. In addition, it follows that

(6.4) (fL)/($L> = Z w; — Z w;
ie{je{l,Z,...,rn}:a?—&—w<x£‘} ie{je{l,Z,...,m}:a?—rj>a:£}

for each k € {1,2,...,q+ 1}, especially,

(6.5) (f") (=1) = — Z%‘ <0, (fM)(zgq) = Zwi > 0.
i=1 =1

Moreover, it follows that

(6.6) (2 (@) < (FF)(25) <= < (fF) (wgen):
Let ST be the set of all optimal solutions of the problem

(6.7) min (),

and let S” be the set of all optimal solutions of the problem

(6.3) min £ (7).

We set

(6.9) kR:min{k‘G {2,...,p+1}: (fR)/(ka) 20},

(6.10) kM =min{k € {2,....,q+ 1} : (f")(zf) > 0}.

Then, we have

O o 1
K}fR = [Cﬁﬁ_l)a C(kR)} if (fR)/(mkRR) =0,

(6 12) SL _ CI;CL_I } lf (fL)/(xélL) > 07

and F and W E can be obtained as follows:

(i) Assume that ST = {ngR—n} and ST = {c(LkL_l)}. Then

FEF=WEFE= [min {C@R—l)’ C(LkL_l)} , max {C@R_l)a C(LkL_l)}} .
(ii) Assume that S® = {CﬁR—l)} and ST = K,fL = [C(I;CL_l)ac(LkL)}‘
(ii-1) If S c ST, then
E = SR — {C(RICR—I)}’ WE = SL = K]gL = [C%kL_l),C(LkL)} .

(ii-2) If cfin_,

FE = [cgcR_l),c(LkL_l)} , WE = [C@R_l),C(LkL)} .

) < c(LkL_l), then



136 MASAMICHI KON
(i-3) If C(kL) (k‘R—l)’ then
L R L R
FE = [C(kL)’C(kal)] s WE = [C(kl‘fl)’c(kal)} .

(iii) Assume that ST = K,?R = [c@Rfl),c@RJ and St = {kaLfl)}-
(iii-1) If S* c S, then

E=SF= {c(Lkal)}, WE =St =K[: = [Cﬁm,l),cg}@} :
(iii-2) If c(kL < (kal), then
B = |y clin] s WE = [efinnyclin]
(iii-3) If c(kR) (LkL 1y then
B = |clinycfisy] WE = [clin sy el ]

(iv) Assume that S% = K[, = [cﬁchl),c(kRJ and St = Kl = [c(Lkal), C(LkL)].
(iv-1) If SEN ST £, then
E=8"0 st = [max{cfn ), cho ) b omin{cn, chu }].
WE =Sty st = [min {C@R_l), c(LkL_l)} , max {cﬁ:R), C(LkL)H .
(iv-2) If C(kR) < c( 1y then
[ LkL 1 } WE = {C@R_l),cka)] .

(iv-3) If c(kL) (k:R—l)’ then
E = |cfiuy b n] . WE = [cfin_vycfim]

7. NUMERICAL EXAMPLE

Using the similar settings as in the previous section, we set m = 3, and set a(l) =3,
a8:5,ag:8,r1:r2:r3:1,w?:wg:&wg:él,yl:2,M2:w3:1,
wy = wy = 4, w3 = 8. Then, it follows that (Figures 1 and 2)

m m
ey = Y wile—al|+ ) wir
=1 =1

= 4|z — 3|+ 4|z — 5| + 8|z — 8| + 16,

Fia) = 3 wymas{fe - of] - 1.0}
i—1

= 2max{|x — 3| — 1,0} + max{|x — 5| — 1,0}
+ max{|z — 8 — 1,0}.
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From Figures 1 and 2, it follows that S® = [5,8] and S” = {4}. Therefore, we have
E =[4,5] and WE = [4,8] from (iii-2) in the previous section.

fR fL
15
100}
80¢ 10!
60/
40} 5!
20}
o 2 4 6 8 16 % 2 4 6 8 i
Figure 1 . Figure 2 fL.

8. CONCLUSION

In this paper, we considered a single facility location problem, where demand
points and associated weights were given. The single facility location problem was
a problem to minimize the total sum of weighted distances from the variable loca-
tion of the facility to the demand points. Then, the demand points and weights
were considered as parameters, and the demand points and weights with uncertainty
were represented as bounded and interval uncertainty sets, respectively. First, we
considered minimax and maximin problems to minimize and maximize with respect
to the variable location of the facility and the parameters, respectively. Theorem
3.1 provided an optimal solution and value of the minimax problem. Theorem 3.3
provided the condition of coincidence between optimal values of the maximin and
minimax problems, and presented an optimal solution of the maximin problem.
Furthermore, we gave an example such that optimal values of the minimax and
maximin problems did not coincide when the condition of Theorem 3.3 was not sat-
isfied. Next, we proposed an interval-valued approach as a new approach handling
uncertainty. Moreover, we also presented a procedure to find all (weak) efficient
solutions of the one-dimensional interval-valued minisum location problem derived
by the interval-valued approach.
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