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Lemma 2.1 ([15]). Let x1, x2, . . . , xn ∈ R or x1, x2, . . . , xn ∈ X, where X is a
linear space. Then

n∑
i=1

xi =
1

n− 1

∑
i<j

(xi + xj).

Proof.

n∑
i=1

xi =
1

2


n∑

i=1

xi +
n∑

j=1

xj

 =
1

2n

n∑
i=1

n∑
j=1

(xi + xj)

=
1

2n

2
n∑

i=1

xi +
∑
i ̸=j

(xi + xj)


=

1

n

n∑
i=1

xi +
1

2n

∑
i<j

(xi + xj) +
∑
i>j

(xi + xj)


=

1

n

n∑
i=1

xi +
1

n

∑
i<j

(xi + xj).

Then (
1− 1

n

) n∑
i=1

xi =
1

n

∑
i<j

(xi + xj).

That is
n∑

i=1

xi =
1

n− 1

∑
i<j

(xi + xj).

□

We have the following n variable Hermite-Hadamard inequality.

Theorem 2.2 ([15]). Let f(x) be a convex function on R and let x1, x2, . . . , xn ∈ R.
Then

f

(
1

n

n∑
i=1

xi

)
= f

 1

n(n− 1)

∑
i<j

(xi + xj)


= f

 2

n(n− 1)

∑
i<j

xi + xj
2


≤ 2

n(n− 1)

∑
i<j

f

(
xi + xj

2

)

≤ 2

n(n− 1)

∑
i<j

∫ 1

0
f((1− t)xi + txj)dt
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≤ 2

n(n− 1)

∑
i<j

f(xi) + f(xj)

2

=
1

n(n− 1)

∑
i<j

(f(xi) + f(xj))

=
1

n

n∑
i=1

f(xi).

Proof. The first equality is given by Lemma 2.1. The first inequality is given by the
convexity of f(x). From the second inequality to the third inequality are given by
(1.2). And the last equality is given by Lemma 2.1. □

When f(x) = ex, we have the following corollary.

Corollary 2.3. Let f(x) = ex. We suppose that xi ̸= xj for i ̸= j. Then

exp

{
1

n

n∑
i=1

xi

}
≤ 2

n(n− 1)

∑
i<j

exi − exj

xi − xj

≤ 1

n

n∑
i=1

exi .

By putting exi = yi, e
xj = yj, we obtain(

n∏
i=1

yi

)1/n

≤ 2

n(n− 1)

∑
i<j

yi − yj
log yi − log yj

≤ 1

n

n∑
i=1

yi.

Then we define n variable logarithmic mean as follows:

Definition 2.4. Let x1, x2 . . . , xn ∈ R and let xi ̸= xj for i ̸= j. Then n variable
logarithmic mean is defined by

L(1)
n =

2

n(n− 1)

∑
i<j

xi − xj
log xi − log xj

.

We also define n variable operator logarithmic mean as follows:

Definition 2.5. Let A1, A2, . . . , An be positive bounded linear operators on Hilbert
space. Then n variable operator logarithmic mean is defined by

2

n(n− 1)

∑
i<j

AiℓAj ,

where AiℓAj =
∫ 1
0 Ai♯xAjdx and Ai♯xAj = A

1/2
i (A

−1/2
i AjA

−1/2
i )xA

1/2
i .
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When f(x) = − log x, we have the following corollary.

Corollary 2.6. Let f(x) = − log x. We suppose that xi ̸= xj for i ̸= j. Then

− log
1

n

n∑
i=1

xi ≤
2

n(n− 1)

∑
i<j

{
xi log xi
xj − xi

− xj log xj
xj − xi

+ 1

}
≤ − 1

n

n∑
i=1

log xi.

That is

1

n

n∑
i=1

xi ≥ exp

 2

n(n− 1)

∑
i<j

{
xi log xi
xi − xj

+
xj log xj
xj − xi

− 1

}
= exp

 2

n(n− 1)

∑
i<j

log

(
1

e
x

xi
xi−xj

i x

xj
xj−xi

j

)
≥

(
n∏

i=1

xi

)1/n

.

Then we define n variable identric mean as follows:

Definition 2.7. Let x1, x2 . . . , xn ∈ R and let xi ̸= xj for i ̸= j. Then n variable
identric mean is defined by

I(1)n = exp

 2

n(n− 1)

∑
i<j

log

(
1

e
x

xi
xi−xj

i x

xj
xj−xi

j

)

3. n Variable logarithmic mean and n variable identric mean

As another extension to n variable Hermite-Hadamard inequality, the following
theorem has been given by [10, 11].

Theorem 3.1. Let f(x) be a convex function on R and let x1, x2, . . . , xn ∈ R. Then

f

(
1

n

n∑
i=1

xi

)
≤ (n− 1)!

∫
∆n−1

f

(
n∑

i=1

tixi

)
dt1 · · · dtn−1

≤ 1

n

n∑
i=1

f(xi),

where ∆n−1 = {(t1, t2, . . . , tn−1) ∈ Rn−1 : t1 + · · · + tn−1 ≤ 1, ti ≥ 0} and tn =

1−
∑n−1

i=1 ti.

When f(x) = ex, we have the following corollary.
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Corollary 3.2. Let f(x) = ex. Then

exp

{
1

n

n∑
i=1

xi

}
≤ (n− 1)!

∫
∆n−1

exp

{
n∑

i=1

tixi

}
dt1 · · · dtn−1

≤ 1

n

n∑
i=1

exp{xi}.

By putting exi = yi, e
xj = yj, we obtain

exp

{
1

n

n∑
i=1

log yi

}
≤ (n− 1)!

∫
∆n−1

exp

{
n∑

i=1

ti log yi

}
dt1 · · · dtn−1

≤ 1

n

n∑
i=1

exp{log yi}.

Then we have(
n∏

i=1

yi

)1/n

≤ (n− 1)!

∫
∆n−1

exp

{
n∑

i=1

ti log yi

}
dt1 · · · dtn−1

≤ 1

n

n∑
i=1

yi.

Then we define n variable logarithmic mean as follows:

Definition 3.3. Let xi, x2, . . . , xn ∈ R. Then n variable logarithmic mean is defined
by

L(2)
n = (n− 1)!

∫
∆n−1

(
n∏

i=1

xtii

)
dt1 · · · dtn−1

= (n− 1)!
n∑

i=1

xi∏n
j=1,j ̸=i(log xi − log xj)

.

When f(x) = − log x, we have the following corollary.

Corollary 3.4. Let f(x) = − log x. Then

− log

(
1

n

n∑
i=1

xi

)
≤ −(n− 1)!

∫
∆n−1

log

(
n∑

i=1

tixi

)
dt1 · · · dtn−1 ≤ − 1

n

n∑
i=1

log xi.

Then we have

1

n

n∑
i=1

xi ≥ exp

{
(n− 1)!

∫
∆n−1

log

(
n∑

i=1

tixi

)
dt1 · · · dtn−1

}
≥

(
n∏

i=1

xi

)1/n

.

Then n variable identric mean is defined as follows:
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Definition 3.5. Let xi, x2, . . . , xn ∈ R. Then n variable identric mean is defined
by

I(2)n = exp

{
(n− 1)!

∫
∆n−1

log

(
n∑

i=1

tixi

)
dt1 · · · dtn−1

}
.

4. The comparison between two types of 3 variable logarithmic mean
and 3 variable identric mean

When n = 3, L
(1)
3 and L

(2)
3 are represented in the followings.

L
(1)
3 =

1

3

{
x1 − x2
log x1

x2

+
x1 − x3
log x1

x3

+
x2 − x3
log x2

x3

}
and

L
(2)
3 = 2

{
x1

log x1
x2

log x1
x3

+
x2

log x2
x1

log x2
x3

+
x3

log x3
x1

log x3
x2

}
.

We compare L
(1)
3 with L

(2)
3 . When x1 = 1000, x2 = 1001, x3 = 1002, we have

L
(1)
3 = 1000.999 · · · , L

(2)
3 = 1002.

Then L
(1)
3 < L

(2)
3 . When x1 = 1000, x2 = 1010, x3 = 2000, we have

L
(1)
3 = 1298.918 · · · , L

(2)
3 = 1281.339 · · · .

Then L
(1)
3 > L

(2)
3 . We can’t compare between L

(1)
3 and L

(2)
3 .

When n = 3, I
(1)
3 and I

(2)
3 are represented in the followings.

(4.1) I
(1)
3 =

1

e
(xx1

1 )
2x1−x2−x3

3(x1−x2)(x1−x3) (xx2
2 )

2x2−x1−x3
3(x2−x1)(x2−x3) (xx3

3 )
2x3−x1−x2

3(x3−x1)(x3−x2)

and

(4.2) I
(2)
3 = e−

3
2 (xx1

1 )
− x1

(x1−x2)(x3−x1) (xx2
2 )

− x2
(x1−x2)(x2−x3) (xx3

3 )
− x3

(x2−x3)(x3−x1) .

We compare between I
(1)
3 and I

(2)
3 .

Theorem 4.1. If 0 < x1 < x2 < x3, then I
(1)
3 < I

(2)
3 .

Proof. By taking the logarithm for (4.1) and (4.2).

log I
(1)
3

=
1

3

{(
1

x1 − x2
+

1

x1 − x3

)
x1 log x1 +

(
1

x2 − x1
+

1

x2 − x3

)
x2 log x2

}
.

+
1

3

{(
1

x3 − x1
+

1

x3 − x2

)
x3 log x3

}
− 1

and

log I
(2)
3

=
x1

(x1 − x2)(x1 − x3)
x1 log x1 +

x2
(x2 − x1)(x2 − x3)

x2 log x2
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+
x3

(x3 − x1)(x3 − x2)
x3 log x3 −

3

2
.

Then

log I
(2)
3 − log I

(1)
3 =

x1 + x2 + x3
3

3∑
i=1

xi log xi∏
j=1,j ̸=i(xi − xj)

− 1

2
.

We put x1 = x, x2 = ax, x3 = bx, where x > 0, 1 < a < b. Then we have

log I
(2)
3 − log I

(1)
3

=
1 + a+ b

3

{
b log b

(b− 1)(b− a)
− a log a

(a− 1)(b− a)

}
− 1

2

=
1 + a+ b

3(b− a)

{
b log b

b− 1
− a log a

a− 1
− 3(b− a)

2(1 + a+ b)

}
.

Now we put

F (a, b) =
b log b

b− 1
− a log a

a− 1
− 3(b− a)

2(1 + a+ b)
.

Then
∂F

∂b
(a, b) =

(log b+ 1)(b− 1)− b log b

(b− 1)2
− 3

2

1 + 2a

(1 + a+ b)2

and
∂F

∂a∂b
(a, b) = − 3(b− a)

(1 + a+ b)3
< 0.

Since ∂F
∂b (a, b) is a decreasing function of a,

∂F

∂b
(a, b) >

∂F

∂b
(b, b) =

b2 + 4b− 5− (4b+ 2) log b

2(b− 1)2(2b+ 1)
.

We put k(b) = b2 + 4b− 5− (4b+ 2) log b. Then

k ′(b) = 2b+ 4− 4 log b− 4b+ 2

b

= 2(b− b−1 − 2 log b)

= 2b−1(b2 − 1− 2b log b).

Furthermore we put ℓ(b) = b2 − 1 − 2b log b. Since ℓ
′
(b) = 2(b − 1 − log b) > 0 and

ℓ(1) = 0, we get ℓ(b) > 0. Then k
′
(b) > 0. By k(1) = 0, k(b) > 0. Since

∂F

∂b
(a, b) >

∂F

∂b
(b, b) > 0,

F (a, b) is a increasing function of b. That is F (a, b) > F (a, a) = 0. We prove the
result. □
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