o,
Y Linear ar %ﬁze@r%ﬁ%ﬂ& S’ SN 2iaaater CopYriaht 2024

Volume 10, Number 2, 2024, 57-87

CONVERGENCE THEOREMS FOR SOLVING SPLIT EQUALITY
VARIATIONAL INEQUALITY PROBLEMS INVOLVING
QUASIMONOTONE MAPPINGS IN BANACH SPACES

THUSO M. MAPHARING, HABTU ZEGEYE", AND OGANEDITSE A. BOIKANYO

ABSTRACT. In this work, we propose and study projection-based algorithms for
solving split equality variational inequality problems involving quasimonotone
mappings. We provide weak and strong convergence theorems for the algorithms
produced in real Banach spaces that are reflexive. In addition, we give some
specific applications of the main results and finally provide a numerical example
to demonstrate the workability of our method.

1. INTRODUCTION
Let E to be a Banach space with norm ||.||, and let E* be its dual. The mapping
T :C — E* is called
(1) a—strongly monotone on C' if there exists o > 0 such that
(T(x) = T(y),z —y) = allz —y|]?, for all z,y € C;
(2) monotone on C' if
(T(x)=T(y),z—y) >0, forall z,y € C;

(3) pseudomonotone on C' if for all z,y € C, we have

(T'(y),x—y) > 0= (T (2),z—y) >0;
(4) quasimonotone on C' if for all z,y € C, we have

(T'(),z—y) >0=(T(x),z-y) >0;

(5) Lipschitz continuous on C' if there exists a constant L > 0, called the Lips-
chitz constant, such that

T (z) = T W) < Lllz - yl|, for all 2,y € C.

If L <1, then T is called a contraction and if L = 1, then 7 is said to be
NONeTpansive.

Remark 1.1. We note that all a-strongly monotone mappings are monotone, all
monotone mappings are pseudo-monotone, and all pseudo-monotone mappings are
quasi-monotone. However, the reverse is not true (see, e.g., [31]).
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Let C' be a non-empty, convex and closed subset of a Hilbert space H. Suppose
T : H — H is amapping. The Variational Inequality Problem (VIP) can be defined
as follows:

(1.1) find a vector z* € C such that (T (z*),y —2*) >0, forally e C.

VI(C,T) is the solution set of the VIP (1.1). The formulation of the Dual Vari-
ational Inequality Problem (DVIP), often called the Minty Variational Inequality
Problem (MVIP), is as follows:

(1.2)  find a vector z* € C such that (7 (y),y — z*) > 0,for all y € C.

The DVIP solution set (1.2) is indicated by DVI(C,T). Clearly, DVI(C,T) is
closed and convex. If T is continuous and C is convex, then DVI(C,T) C VI(C,T)
(see to [32]). However, when 7 is a continuous and quasi-monotone mapping, the
inclusion VI(C,T) C DVI(C,T) may not always hold (refer to [31]). In fact, if T
is continuous and pseudo-monotone, then VI(C,T) = DVI(C,T) (see, [6].

Since its inception in 1964 by Stampacchia [25] and Fichera [9], the theory of varia-
tional inequalities has received substantial attention and remains a hot topic. One
of the main causes of this is the wide range of problems that can be expressed as
variational inequalities, including those emerging in the domains of optimization
and control, engineering science, mechanics, game theory, elasticity, physics, eco-
nomics, transportation equilibrium, etc.

According to [11], the Dual Variational Inequality problem has real-world applica-
tions. A dynamical system with 7 has been shown to have solutions of a DVIP
associated with a single-valued continuous mapping 7 defined on an open convex
domain, which can be viewed as the subset of stable equilibria within the set of all
equilibria (represented by the Stampacchia variational inequality solutions).

Many numerical iterative approaches have been developed to tackle variational in-
equalities and optimization problems (e.g., [4, 22]). The authors investigated a
variety of projection-type techniques to tackle the variational inequality problem.
The gradient method (GM) is the first projection technique for solving the VIP and
is provided by

(1.3) x1 € H, zp41 = Po(zn — AT xp),

where P¢ is the projection operator onto the convex and closed subset C of a Hilbert
space H and A > 0 is a suitable stepsize. With only one projection onto the feasible
set, the gradient method (GM) is the most straightforward approach for solving the
VIP. The approach, however, only converges when the cost operator 7 is a-strongly
monotone and L-Lipschitz continuous with A\ € (0, %—%‘) These stringent conditions
greatly limit the scope of applications of the GM (1.3).
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To avoid the notion of strong monotonicity, Korpelevich [12] introduced the ex-
tragradient method (EGM), described below, which is an algorithm for resolving
variational inequalities in a Hilbert space H:

(1.4) x1 €H, y, = Po(xn — AT xn); Tnt1 = Po (xn — AT yn) ,

where 7 : C — H is monotone and L-Lipschitz continuous and A € (0, %) and
C C H is closed and convex. He established the weak convergence of (1.4) to a
solution of the VIP (1.1) in Hilbert spaces if 7 is monotone and Lipschitz.

The algorithm (1.4) has significant drawbacks, as shown by the above technique.
It is necessary that the mapping have the properties of Lipschitz continuity, mono-
tonicity, and a known Lipschitz constant. This algorithm’s complexity and low
efficiency stem from the need to compute projections twice for the feasible set C'
during each iteration. To ensure algorithm convergence, research on variational in-
equality problems focuses on weakening the mapping and speeding the convergence
rate.

Scholars have made significant improvements to the EGM, as seen in [7, 18, 23]
and references. One of the method’s primary areas for improvement is to reduce
the number of projections onto the feasible set C' every iteration. Censor et al.
[4] made the first attempt in this way. They altered the EGM and substituted a
projection onto a half-space for the second projection. This strategy, known as the
subgradient extragradient technique (SEGM), only requires one projection onto the
feasible set C. The SEGM is presented as follows:

(1.5) z1 € H, yp, = Po(xn — AT x); nt1 = Pr,(zn, — AXTyp),

where T, = {z € H : (xp, — AXTxp — Yn,2 — yn) < 0} and \ € (0,%). As seen,
the projection for x4 in the scheme (1.5) is computed on a half-space T, which is
inherently explicit. Using the same assumptions as the EGM (1.4), the Censor et al.
[4] obtained a weak convergence for the SEGM (1.5). The SEGM is an advance over
the EGM since it allows for explicit computation of projection into a half-space. We
should remark, however, that each iteration of the SEGM still requires computing
two projections onto the closed convex sets C' and 7,. This may be a substantial
hurdle to the SEGM’s implementation.

The second attempt is the following Tseng extragradient method: choose zg € H,
for each n > 0, compute:

(1‘6) Yn = PC(xn - )\7—5571)’ Tn+1l = Yn — )‘(Tyn - TCCn),

where A € (0, 1). The scheme (1.6) is based on Tseng’s modified forward-backward
splitting technique, which was first introduced in [29]. He showed that the sequence
{zy} converges weakly to a VIP solution (1.1). Tseng’s approach offers an advantage
over Korpelevich’s in that it just requires one projection every iteration. It still
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requires two evaluations of the mapping T per iteration. Several researchers have
studied changes to Tseng’s algorithm (see, for example, [18, 22, 23, 34]).

It is worth noting that the aforementioned approaches use norm distance and metric
projections. Applying this theory to Banach spaces creates complications, as many
beneficial qualities of nonexpansive operators in Hilbert space, such as the metric
projection Pg onto a nonempty, closed, and convex subset K of H, are no longer
nonexpansive in Banach spaces. There are several strategies for solving these obsta-
cles. One of these is to use the Bregman distance, which requires no symmetry or
triangle inequality properties. Instead of employing metric projections, which are
less flexible and broad, researchers in this situation use the Bregman distance and
projection. As a result, the Bregman distance and projection methods for approxi-
mating VIP solutions are useful for analyzing a wide range of problems.

In 1999, Solodov and Svaiter [24] studied the following double projection method
with the use of Bregman distance and Bregman projection for solving variational
inequalities in Euclidean spaces.

Algorithm: Choose z¢ € H, and 7,0 € (0,1). Take k£ = 0. Calculate {z;} as
follows:

Step 1: Compute 2z = (Vg)~ ! [Vg(xr) — T (w1)] ;
If 2, = (), then stop; else go to Step 2.
Step 2: Compute

my, =min {m € N: (T (zx) = T (ym), 2k — UL (2x)) < 0Dy (I, (21) , z1) } ;

where yp, = y"IE (21) + (1 —9™)ar;  Let yp = y™ 0 (2x) + (1 — 7" )ay;

and H% is the Bregman projection(see Section 2 for the definition).

Step 3: Compute 2541 = H%mHk (x); where Hy = {v € E: (T (yg),v — yg) < 0};
Step 4 : Let k =k + 1 and return to Step 1.

In 2018, Zheng [4] extended the results from Euclidian to Banach spaces. The
suggested technique strongly converges to the solution of variational inequalities in
reflexive real Banach spaces, assuming VI(C,T) # () and T is uniformly continuous
and quasimonotone mapping. We believe there is a gap in the proof of the strong
convergence theorem, therefore the convergence of the double method to the solution
of variational inequalities in the same scenario as Zheng [4] is still open.

Consider C' and D as convex and closed subsets of real Banach spaces E; and Eo,
respectively. Let 7 : E; — E7 and § : E2 — Ej be non-linear mappings, and
A :E; — E3, B : Ey — [E3s be bounded linear mappings. The Split Equality
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Variational Inequality Problem (SEVIP) involves locating two points:
(1.7) ¥ e VI(C,T)and y* € VI(D,S) such that Az* = By*.

On the other hand, the Split Equality Duality Variational Inequality Problem (SED-
VIP) consists of locating two points.

(1.8) 2 e DVI(C,T)and y* € DVI(D,S) such that Az* = By*.

Special examples of the inclusion problem (1.8) include variational inequality, convex
programming, split feasibility, and minimization.
Based on the aforementioned results, we raise the following important questions:

1. Can we extend the double projection algorithm proposed by Solodov and
Svaiter using the Bregman distance to that of split equality variational in-
equality problems in real Banach spaces?

2. Can we prove weak/strong convergence results using the Bregman distance
to the solution of the variational inequality problems in real Banach spaces?

Motivated and inspired by the efforts of Tseng [29], Solodov and Svaiter [24], and
Zheng [4], in this paper we introduce and investigate a projection-based algorithms
for solving split equality variational inequality problems as well as split equality
dual variational inequality problems in reflexive real Banach spaces with uniformly
continuous quasimonotone mappings. A Halpern-type projection-based algorithm
is utilized to obtain the strong convergence. We also present some concrete appli-
cations of the key ideas, as well as a numerical example, to validate our theoretical
findings. Our findings complement Zheng’s work [4] and broaden the existing liter-
ature.

The following is the paper’s outline: We provide some fundamental concepts and
background information in Sect. 2 that will be helpful in our analysis. In Sect. 3, we
present some necessary hypotheses and our algorithms. Subsequently, we establish
weak convergence analysis of the first method to the solution of split equality vari-
ational inequality problems, and derive strong convergence analysis for the second
method, which addresses the solution of split equality dual variational inequality
problems. In sect. 4, we present some specific applications of our main results.
Some numerical experiments are presented in Sect. 5 illustrating the applicability
of the algorithm. Finally, we present some concluding remarks on our work in Sec.
6

2. PRELIMINARIES

Let E be a reflexive real Banach space with E* as its dual and the function g : E —
(—o00,00] be a proper, lower semicontinuous and convex with the effective domain
dom g ={x € E: g(z) < +00}. The real valued function ¢g* is the Fenchel conjugate
of g: E — (—o00, 00] which is proper, lower semi-continuous and convex, is the real
valued function g*: E* — (—o0, o0] defined by g*(z*) = sup {(z*,z) — g(x) : z € E}
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for any z* € E*.

We denote by ¢'(z,y) the right-hand derivative of g at x € int(dom g) in the direc-
tion y € E, that is,

2.1) § (o y) = Iim gz + t:? —9(@)

Recall that the function g is called Gateaux differentiable at x if the limit as ¢ — 0
in (2.1) exits at any y € E. In this case ¢'(z,y) coincides with (Vg)(x), the value of
the gradient Vg of g at x. In the event that the limit in (2.1) is attained uniformly
for any y € E with ||y|| = 1, then g is considered to be Fréchet differentiable at x,
and if the limit (2.1) is attained uniformly for z € C and ||y|| = 1, then g is said to
be wuniformly Fréchet differentiable at x. It is known that if g : E — R is uniformly
Fréchet differentiable and bounded on bounded subsets of E, then Vg is uniformly
continuous on bounded subsets of E (see, e.g., [21]) and it is also uniformly smooth
(see, e.g., [33]).

If a function g : E — R meets both of the following two requirements, it is referred
to be a Legendre function.

(L1) g is Gateaux differentiable, int(dom g) # @ and dom Vg =int(dom g);

(L2) g¢* is Gateaux differentiable, int(dom g*) # @ and dom Vg* =int(dom g*).

=4ty —[l]
t

We say that the space E is smooth if the limit lim;_¢ , exists for x,y € B

and E is said to be strictly convex if Hx%y” < 1 for all z,y € B with & # y, where
B={zcE:|z| =1}

If E is a Banach space that is smooth and absolutely convex, then g(z) = %||:17||p (1<
p < 00) is a lower semi-continuous, Legendre function with the Fenchel conjugate
g (z*) = %Hx*“q (1 < g < o0) which is characterized by I%—i—% =1 (see, e.g., [1]). In
this case, we have Vg = J,,, where J, : E — 2E" is the multi-valued function defined
by

Jp(x) = {2" € E*: (2%, 2) = |z|” and [|l2*[| = [l«[/7'},

for all z € E. The special case when p = 2 gives that J, = J, where J is the
normalized duality mapping. If E = H, where H is a real Hilbert space, then J = I,
where [ is the identity mapping on H. We will refer to the normalized duality
mapping J on E as Jg throughout the remainder of the paper.

Moreover, if E = H, where H is a real Hilbert space, then J = I, where [ is
the identity mapping on H. Throughout the rest of the paper, we will denote the
normalized duality mapping J on E by Jg.



SOLVING QUASIMONOTONE VARIATIONAL INEQUALITY PROBLEMS IN BANACH SPACES 63

If g: E — (—00,+o0] is a Legendre function and E is a reflexive Banach space,
then Vg* = (V) *(see, [2]). Moreover, we note that g is a Legendre function if
and only if ¢* is a Legendre function (see, [1]).

Definition 2.1. Let g: E — (—o00,00] be a convex and Gateaux differentiable
function.

1) The nonnegative real-valued function D,: dom g x int(dom ¢g) — |0, 00
g
defined by

(2.2)  Dy(y,z) = g(y) — g(x) — (Vg(x),y — x), = € int(dom g), and y € dom g,

is called the Bregman distance with respect to g (see, Censor and Lent [5]).
(2) The modulus of total convexity of g at the point « € E is the function
vg : E % [0,00) = [0, 00) defined as

(2.3) vg(z,t) =inf {Dy(x,y) 1y € E, ||y — z|| = t}.

(3) A function g is said to be totally convex if vy(z,t) > 0 for all ¢ > 0 and
x el
(4) g is said to be a -strongly convex function if there exists 5 > 0 such that

(2.4) 9(x) = g(y) — (Vg(y),z — y) > Bllx — y||>,Va,y € E.

note that Vg* is %— Lipschitz continuous if a function ¢ is f—strongly convex
(see, [35]).

A function g: E — (—o00, o] is said to be strongly coercive if lim ||z -0 (QIJI(TQC\\)) = 00.
If E is a smooth and 2-uniformly convex Banach space, then the function f(z) =
2||z||* is strongly coercive, lower semi-continuous, bounded, uniformly Fréchet dif-
ferentiable and strongly convex with strong convexity constant § € (0, 1] and con-
jugate f*(z*) = glla*||*.

Lemma 2.2 ([33]). If g is convex and bounded on bounded subsets of E. Then the
following are equivalent:

i. g is strongly coercive and uniformly conver on bounded subsets of E.
ii. dom g* = E*, g* is bounded on bounded subsets and uniformly smooth on
bounded subsets of E*.
iii. dom g* = E*, g* is Fréchet differentiable and Vg* is uniformly norm-to-
norm continuous on bounded subsets of E*.

Lemma 2.3 ([16]). Let g: E — (—o0,00] be a Gateauz differentiable function
which is totally convex on bounded subsets of E. Let the sequences {z,} and {yn}
be bounded in E. Then, lim,,_,oc Dg(xp,yn) = 0 if and only if limy, o ||y, —yn|| = 0.

Definition 2.4. Let g: E — (—o00,00] be a convex and Gateaux differentiable
function and let C' C int(dom g) be a nonempty, closed and convex subset of E.
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Then, the Bregman projection of z € int(dom g) onto C'is the unique vector I, ()
of C with the property

Dy(ITE,(z), x) = inf {Dy(y,z) : y € C}.
The Bregman projection also satisfies the following properties:

(2.5) z =14 (z) if and only if (Vgx —Vgz,y —z) <0, forally € C, and

(26)  Dyly, I (x)) + Dy(Ilh(x), ) < Dy(y, ), forall z € B,y € C.

Lemma 2.5 ([20]). Let g : E — (—o0,400] be a convexr Gateaux differentiable
function. The Bregman distance Dgy(.,.) has the following property called three point
identity

(2.7) Dy(y, 2) + Dyg(z,2) — Dy(y, ) = (Vg(z) — Vg(z), 2 — )
for any y € domf and x,z € int(domf).

Lemma 2.6 ([15]). Let C be a closed, non-empty, convexr subset of E, and let
g : E — R be a totally convex, Frechet-differentiable function. If the level sets
Dgy(z,.) are bounded for all x € E and Vg is uniformly continuous on bounded
subsets of E, then II{, : Ey — C maps bounded subset of By into bounded subset of
C.

Lemma 2.7 ([16]). Let E be a real Banach space. The non-negative real valued

Vgt E x E* — (—o00,00] associated with a Gateaux differentiable Legendre function
g:E;1 — R defined by

(2.8) Vy(z,2*) = g(z) + V§'(y*) — (z*,2) ,Vz € E,2* € E*
satisfies the following two properties

(2.9) Vy(a,a*) = Dy(a, (Vg) ™ (2)

and

(2.10) Vg(z, ™) + <y*, (Vg)*l(:r*) — x> <Vy(z, 2" +y*),Ve € E, ", y* € E*

Lemma 2.8 ([14]). Let g : E — R be a totally convez function. If the sequence
{Dy (K, x0)} is bounded for any xo € E, then {x1} is bounded.

Lemma 2.9 ([24]). Let E; and Ey be bounded spaces. Let U be a bounded subset
of Ev. If T : E1 — Eg is uniformly continuous on bounded subsets of By then T is
bounded on U.

Lemma 2.10 ([10]). Assume y € C and T to be a quasimonotone, continuous
operator on C C E. If for some xy € C we have (T (y),z9 —y) > 0, then at least
one of the following must hold: (T (y),z0 —y) >0 or (T (y),z —y) >0, Vz € C.
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Lemma 2.11 ([32]). Let C' be a non-empty, closed and convex subset of E and let
g be B-strongly convexr and continuously differentiable function such that the level
sets Dg(x,.) are bounded for all x € E. Define h : ExE — R by h(z,v) =
(T (v),x —v) for any given v € E and the mapping T : E — E* and take K(v) =
{z € C:h(x,v) <0}. If K(v) # 0 and h(x,v) is Lipschitz continuous with respect
to x on C' with modulus L > 0, then

(2.11) Dy(z,v) > %hQ(x,v),Vx € C\K(v),y e K(v),veE.

Lemma 2.12 ([26]). Consider a smooth and strictly convex real Banach space, E.
The normalized duality mapping on E1, represented by Jg,, possesses the subsequent
attribute:

(2.12) lle +yl1? < |lz]” + 2 (J, (z +y),y) . Va,y € Eq.

Lemma 2.13 ([19]). If ¢ : E — (—o00,00] is a proper, lower semi-continuous,
conver and Gateaux differentiable function, then g* : E* — (—o0,00] is a proper
weak* lower semi-continuous and convex function. Thus, for all x € E1, we have

N N
(2.13) Dy (z (Vg)™t (Z ﬁng(a:i)>> < BiDg(x,xs),
=1 =1

where {x;} CE,{f;} € (0,1) and N € N such that > | 8; = 1.

Lemma 2.14 ([13]). Let {a,} be a sequence of nonnegative real numbers. If {an,}
is a subsequence of {an} such that an, < an,+1 for all i € N, then there ezists a
nondecreasing sequence {my} of N such that limg_,oo mi = oo and the following
properties are satisfied by all (sufficiently large) number k € N:

Ay, < myr1 and  ap < Qpyy41-
In fact, mp=max{n < k:ap, < ant1}.
Lemma 2.15 ([30]). If {ar} is a sequence of nonnegative real numbers such that
ak+1 < (1 — ag) ag + agdy,
where {a} C (0,1) such that Y~ | oy, = 00 and {dy} is a sequence of real numbers
with lim supy,_, di < 0, then limy_,o0 ap = 0.
3. MAIN RESULTS

In this section, we describe our algorithms and their convergence outcomes under
the following circumstances:

(H1) Let E; and E; be reflexive real Banach spaces with duals E and E}, respec-
tively, and let C' and D be non-empty, closed and convex subsets of E; and
Es, respectively.
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(Hz) Let T : E; — EY and S : E2 — Ej be quasi-monotone mappings which
are uniformly continuous on bounded subsets of C and D, respectively,
satisfying

(3.1) I7(2)]] < limf [[T(zx)[| and [[S(y)]] < limnf [[S(yx)l],
—00 k—00

whenever {x} and {yx} are sequences in E; and Eqg, respectively, such that
rp — x and Yy — y.

(H3) Let A:E; — E3 and B : Ey — E3, where E3 is another real Banach space,
be bounded linear mappings with adjoints A* and B*, respectively.

(H4) Let the set Q = {(z*,y*) € DVI(C,T) x DVI(D,S) : Ax* = By*} be non-
empty.

(Hs) Let the proper lower semi-continuous functions ¢ : E; — R and f : E; —
R be strongly coercive Legendre functions which are bounded, uniformly
Fréchet differentiable and S-strongly convex on bounded subsets of E; and
[Es respectively.

(Hg) Let the sequence {ay} C (0, 1] be such that Y p° | ag = oo and limy_ye0 a =
0.

Algorithm 3.1 Choose xy € Eq, yp € E9 and 7,0 € (0,1). Take k = 1. Calculate
{1} and {yx} as follows:

Step 1: Compute
(32) ar = E(Vg) ™! [V(ax) — wA* (Jey (Azy — Byr))];

b, = L5 (V)™ [V £ (yx) — 1B (Jry (Byy, — Azy))]
where 0 < p <, < pg with

B||Axy, — Byg? }
| A* Jg, (A — Byg)||? + || B* Jg, (Byr — Axg)[]?] |

for ke Y ={m € N: Ax,,, — By, # 0}, otherwise 75 = p.

(3.3) pk:min{p+1,2[

Step 2: Compute

(3.4) 2 = (V) " [Valar) — BT (ar)]; ue = (V)1 [V f(br) = BeS(br)]
where {f} C [a,1] C (0,1], for all £ > 1;

Step 3: Compute
(3.5) mp =min{m € N: (T(ay) — T(dm),ar — M (2;)) < 0Dy (11, (21) , ar) } ;

(3.6) I = min {z eN: <S(bk) — S(er), by — HJ,;(uk)> < oDy (HfD (up) bk>} ,



SOLVING QUASIMONOTONE VARIATIONAL INEQUALITY PROBLEMS IN BANACH SPACES 67

where

(3.7) dm =" (2) + (1 —y™)ag; e = fylHj;(uk) + (1 =AYby

Let

(3.8) di = 4™ I (2) + (1= 7™ )ag; e = "I (ug) + (1 — )by

Step 4: Compute

(3.9) Ter1 = g A g, (k) Y1 = HfDan(bk)S

where

(3.10) Hy ={z € Ey: (T(dp),z —dy) <0}; R ={y € Ea: (S(ex),y —ex) <0}.
Step 5 : Let k =k + 1 and return to Step 1.

Remark 3.1. The method we introduced is a newly proposed projection-based
method for solving the more general problem called split equality variational in-
equality problems associated with the class of uniformly continuous quasimonotone
mappings in Banach spaces. As far as our knowledge is concerned, our method is
the first method of its kind proposed in the setting of reflexive Banach spaces. It
does not require prior knowledge of the Lipschitz constants of the underlying map-
pings. It extends all the results in the literature from Hilbert spaces to the more
general reflexive Banach spaces under mild conditions.

Lemma 3.2. Let conditions (Hy) — (Hs) be satisfied. Then the line search rules
(3.5) and (3.6) are well defined.

Proof. Suppose that ap = IIf, (z), then (3.5) is satisfied for m = 0. Let aj #
117, (2) and assume on the contrary that

(3.11) (T (ak) — T (dm) ,ax — L (21)) > 0Dy (11, (2k) , a) Ym > 1.

Given that v € (0,1), we have lim,, o0 dyy, = limy, 00 Y™ (H*‘é (zk)) +(1 =) ag =
ag.

Letting m — oo in (3.11) and by the continuity of T', we get

0 = limm—oo (T (ag) — T (dm) ,ax — 11 (21)) > 0Dy (11 (21) ,ar), and the fact
that ¢ > 0, we get

(3.12) Dy (17, (21,) , ax) < 0.
But as g is strongly convex and aj, # IIZ, (z1), we have
(3.13) Dy (I, (21) , ax) > 0,

which is a contradiction. Thus, (3.5) is well defined. Similarly, the same can be
shown for (3.6). O
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Lemma 3.3. Assume the conditions (Hy),(Hsz) and (Hs) hold. Let T and S be
continuous mappings on C and D, respectively. For all x € C and y € D, we have

(314) (T ()2 =1 (Vo)™ (Vg (2) = BT (2))])
> Dy (11 [(V9)™ (Vg (2) = BT (@))] 7).
and
(3.15) (S(),y—1h [(VH(VF ) - BS )] )
> Dy (1, [(V) 7 (V1 () = BS (0)] 9)
Proof. Lemma 2.5 of [28]. O
Remark 3.4. Note from Algorithm 3.1 and Lemma 3.3 the following hold.
(T (di),ar — 11, (21)) > (1 — 0) Dy (11, (2x) , ax)
(S (ex) by =Tty (uwe) ) > (1 = o) Dy (11 (g, b )
Proof. From Step 3 of the algorithm we have
(3.17) (T (dm) o — T (1)) > (T (an) , a1 — T () — 0Dy (12 (o) )

From Lemma 3.3, we get

(3.16)

(3.18) (T (ak) ,ar — 1%, (2)) > Dy (1L, (21) , a) -

Hence,

(3.19) (T (dwm),ar — 1 (z1)) = (1 — o) Dy (1T, (23) , ag) -

Therefore, for m = my, we obtain

(3.20) (T (dy),ar — 11, (21)) > (1 — 0) Dy (117, (21) , a) -

Similarly, the relation (3.16) holds. O

Lemma 3.5. Assume the conditions (Hy1) — (Hs) hold. If {ar} and {by} are se-
quences generated by Algorithm 3.1, we get
(i) DVI(C,T) CCNHy and DVI(D,S) C DN Ry, for all k > 1;
(ii) hi (ak) >cp (1 — U) Dg (H% (Zk) ,ak) and wy, (bk) >t (1 — 0‘) Dg (H% (uk) ,bk)
for ¢y = Y™, t, = Y%, hp(v) = (Tdy,v — di,) for v € C and wy(u) =
(S(ex),u —eg), foru € D, for all k > 1.

Proof. Let (z*,y*) € Q. Then (T (d),z* —dr) < 0 from which it follows that
x* € C N Hg and so DVI(C,T) ¢ C N Hy, for all £ > 1. Similarly, we get
DVI(D,S) C DN Ry, for all k > 1.
(ii) From Step 4 and Remark 3.4, we obtain that
hk (ak) = <T (dk) , A — dk> = CL <T (dk) A — H% (Zk)>
Z Cl (1 — U) Dg (H% (Zk) ,ak) y
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which yields that the first part of (ii) holds. Similarly, we obtain that the second
part of (ii) holds. O

Lemma 3.6. Assume the conditions (Hy) — (Hs) hold. Let (z*,y*) € Q. Then, the
sequences {x}, {ar}, {yr} and {by} generated by Algorithm 3.1 satisfy the following
relations.

(1) Dg(wg+1,ax) < Dg (z*,2x)—Dg (2%, T41) =Yk (A" Jgy (AT — BYk), pr — 27);
Dy (Yrs1,01) < Dy (y*,yx)—Dy (¥ Y1) =V (B* Iy (Byr, — Axy), b — y*) .
where

P = (V) [Vg(zx) — A" (Juy (Azy, — By))]
and
th = (V) V() — B (Jes (Byr — Ap))] -
(2) {2x} and {yx} are bounded.

Proof. (1) From the three point identity, taking z = xp41, * = ag, Lemma 2.5 and
(2.5) we get that:

(3.21)
Dy (y,2141) + Dy (Trs1,ar) — Dy (y, ar) = (Vg (wr41) — Vg (ag) , vp41 —y) <0,
Yy € CN H.

Let y = z* in (3.21), then
(3.22) Dy (w41, ax) < Dy (27, ar) — Dg (z*, Tp41) -

Let pr = (V)™ [Vg(ar) — A" (Jes (Azk — Byy)] and t, = (V)7 [VF(fr)-
Y B* (Jrs (Ayr — Bxy))]. From (2.6), (2.9), (2.10) and (3.2) we have

Dy (x*,a) < Dy (z*,pr) = Dy (2, (V)" [Vg(ax) — mA* (Jey (Azi — Byr)))
=V (2", Vg(zr) — mA" (Jes (A — Byr)))
<V (2", Vyg(zr)) — e (A" (Jry (A — Byg)), o — %)
(3.23) = Dy (x%, 1) — i (A" Jg; (Axg — Byr),pp — 7).

Combining (3.22) and (3.23), we get
(3.24)
Dy (zh+1,ax) < Dy (2%, 21) — Dy (2%, Th41) — Yk (A" Jgy (A, — Byg), bk — 27) -

Following the same approach, we arrive at
(3.25)
Dy (Yk+1:06) < Dy (Y™ yk) — Dy (v*, Yr41) — i (B Iy (Byr, — Azg), t — y*) -
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(2) From the fact that Dy (xpy1,ar) > 0, Df (ygs1,br) > 0, (3.24), (3.25) and
Az* = By*, we have
Dy (k41 ak) + Dy (Yk+1, bk)
< Dy (2", 21) — Dg (", 2p41) — i (A" Jgy (Azg — Byk),pe — 27)
(3.26) + Dy (y*,yx) — Dy (", yr+1) — i (B Jgy (Byr, — Awg), b — y*)
= Dy (¢",2) — Dg (2", x41) + Dy (4", yk) — Dy (¥, Yr+1)
— Yk (JE; (Azp — Byr) , Apr, — Bty) .
Furthermore, we have
— (Jr; (A — Byy) , Apr, — Bty)
= — (Jry (Avg — Byx) , Avg — Byg) — (Jr, (Azi, — Byk) , Apy — Azy)
— (JEs (Azy, — Byk) , Byx — Bty)
(3.27) = —||Azy, — Byil* — (A*Jg, (Azr — Byr) , pr — )
— (B*Jg; (Arg — Byk) , Yk — tr)
< —||Azy, — Bypl® + |lpx — wxl[[|[A* T, (Azy, — Byy) ||
+ |y = tilll| B* ey (Azg, — Byg) ||

Using the Lipschitz continuity of (Vg)~!

1ok — 2]l = 1(V9) ™ [Vg(ax) — wA" e, (Azy — Byg)] — (Vg) ™ (Vg(an)) |
(3.28) < GIA e, (A = By I

, we get

Similarly, the Lipschitz continuity of (Vf)~! yields

(3.29) It =yl < 13", (Byy — Az ||

Combining (3.27), (3.28), (3.29) and making use of (3.3), we obtain
— Yk (Jrg (Azk — Byg) , Apr, — Bty)

2 2
v * Y *
< —i||Azy, — Byg||* + FkHA Jry (Azy, — Byg) ||> + ngB Ji, (Byx — Azy) ||?

2 *
< ~Slldas - Bl - llAm - ol + 5 (2 14", (Ao~ B )
(3.30)
2
# 2 (2 (13, (B — A 1)) < 2 Ak~ Bl

As such, from (3.26) and (3.30), we obtain

Dy (xry1,ax) + Dy (Yry1,bx) < Dy (2, 21) — Dy (2%, 2341) — Dy (¥", Yr41)
* P
(3.31) + Dy (y* ux) — 511 Aze — Byl[*
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Hence,
(3:32) Dy (" wi1) + Dy (5" yer1) < Dy (i) + Dy (4" i) — S Aw — B[

We get that {Dg (z*,z1) + Ds (y*,yx)} is decreasing and bounded below. Thus,
{Dg (x*,x)} and {Dy (y*,yx)} are bounded which implies that {z;} and {y;} are
bounded. g

Lemma 3.7. Assume that conditions (Hy) — (Hs) hold. Then, the sequences {x},
{ar}, {yx} and {by} generated by Algorithm 3.1 satisfy the following relations.
(1) limp—yo0 Dy (Th41, c2zk) =0 and limg_,o0 Dy (Yt1,bx) = 0.
(2) Dy (w41, ar) = % (1- 0)2 Dy (H% (21) »ak) and
Dy (yes1, 1) = 54 (1= 0) Dy (11, () ).

Proof. (1) From (3.31), we obtain

o
> Dy (w41, ax)
k=0

ol

Dy (zg+1,ar) + Dy (Yrt1, bk
(3‘33) g( + ) f( + )

B
Il
o

o

<D9 (1'*,$k) - Dg (x*vkarl) - Df (y*vyk+1) + Df (y*7yk>)

£
Il
o

< Dg (CL'*,(L'()) + Df (y*ayO) )
which implies that
(3.34) lim Dy (zg+1,ax) = 0.

k—o00

Again with a similar approach, we have
im Dy (y41,bx) = 0.
k—o0

2) From Lemma 3.6, (3.23) and (3.34), we have that {ay} is bounded. Similarly, {bs}
is bounded. Using (Hs) and the fact that 7' is uniformly continuous on bounded
subsets of E;i, we get that {z;} is bounded. Also by Lemma 2.6, we get that
{11, (2¢)} is bounded. Thus, we get that {dx} is bounded and hence {T (dy)} is
bounded. Therefore, there exists L1 > 0 such that

|| T (dg) || < L1,Vk > 1.
Since hy(v) = (T (dg) ,v — d), we get
| (ar) = P (Zrqr) | = [ (T (dg) , ar — Trq1) |

< T (d) [|llar — Tryal]

< Lillak — zp+ll;
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which implies that hg is Lipschitz continuous on C'. Using Lemmas 3.5 and 2.11,
we obtain

2
ac

Dg (:L'k+1, ak) 2 7216 (1 — 0)2 Dg (H‘(é (Zk) ,ak) .
1

Similarly, we get

(6

~
TN

(3.35) Dy (ges1,by) = T (1= 0)2 D3 (T, (wn) by ) -
O

Lemma 3.8. Assume that conditions (Hy) — (Hs) hold. If {ar} and {by} are
sequences generated by Algorithm 3.1, then VI(C,T) and VI(D,S) contain weak
accumulation points of {ar} and {by}, respectively.

Proof. From Lemma 3.7 (2), we have

2
. . acC
(3.36)  lim Dy (zx1,a) > lim 7%’“ (1—0)* Dy (UZ (21) , ax) -

Since a > 0, inequality (3.36) and equation (3.34) imply that

(3.37) klg](r)lo cxDg (I, (21) , ax) = 0.

Let {ax,} be a sub-sequence of {ax} which converges weakly to a*. If there exists
N > 0 such that ay, = Iz, for all ¢ > N, then Tay, = 0, for all i > N and
hence by (Hs), we get that 0 < [|Ta*|| < liminf; , ||Tak,|| = 0, which implies
that a* € VI(C,T). Otherwise, we can take a subsequence of {ag, }, with no loss of

generality, which could still be denoted {ay,} such that ay, # chzki for all 7 > 1.
In this case, the equality in (3.37) yields

(3.38) Zlggo ek, Dg (1, (21,) , ag,) = 0.
Now, we show that a* € VI(T,C) under two cases.
Case 1. If limsup;_,,, ¢k, > 0, then there exists a sub-sequence, with no loss of

generality, still denoted by {ax,}, and constant 6 > 0, such that ¢, > 6, for i > N
and for some N > 0. From (3.38), we get

(3.39) Jlim D (I, (2x,) , ax;) = 0.

So by Lemma 2.3, we have

(3.40) Tim (1%, (,) — g, | = 0.

On the other hand, (2.5) implies that

(3.41) <Vg (zr,) — Vg (H% (Zkl)) Y — H% (Zkl)> <0,Vy e C.

Now, from the definition of zx, and (3.41), we obtain

(342) (Vg (ar,) — Vg (g (2,)) v — TE (2,)) < Be (T (an,) v — TG (21,)) -

Consequently, we get
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(3'43) <Vg (a/ﬁ) —Vyg (H% (Zkz)) Y = H%’ (z/ﬁ)> — Bk <T (akz) y Ak, — H%’ (Zkl)>
< ﬁk <T (akl) Y — ak:i> .
From the uniform continuity of Vg, the fact that S > a > 0 for all k¥ > 1, (3.40),

boundedness of {ay,} and {IIZ (z,)}, ( see Lemma 3.7 (2)), and letting i — oo in
(3.43), we get that

(3.44) liminf (T (ag,) ,y — ax;) > 0.

1— 00
Hence, for any € > 0, 3N > 0 such that for ¢ > N,we have
(3.45) (T (ag,) ,y — ag,) +€>0.

Since ay, # 11 (zy,), we have T' (ag,) # 0. Take vy, € Eq such that (T (ay,) ,vi,) = 1,
then

(3.46) (T (ar,) ,y + evg, —ag,) >0, Vi > N.
So, by Lemma 2.10, either

(3.47) (T (y + evg,) ,y + evg, —ag,) >0, Vi > N
or

(3.48) (T (ax;),z —ag,) >0, Yze O, Vi> N.

However, the inequality in (3.48) suggests that ay, = IIZ, (zx,), which contradicts
the assumption that ag, # IIZ(2k,). So, we get (3.47) that can be expressed as
(3.49)

(T (y),y—ar) =2 (T (y) =T (y+ev,),y+ e —ag) —e(T(y),vk,),Vi > N.

Taking € — 0 and using the continuity of 7" and boundedness of {ay, }, we get

(3.50) (T'(y),y —ar,) 2 0,¥y € C.
Hence, letting i — oo, we get
(3.51) (T(y),y—a") =0,vy € C.

Therefore, a* € DVI(C,T) and hence a* € VI(C,T).
Case 2. If limsup;_,, cr, = 0, then we get lim; o ¢, = 0. Now, we show that

limi o0 Dy (1T (21,)  ax,) = 0. Take dy, = TG (2,) + (1 - %) ag, which implies
dy, — ag; = C% (I1, (zx,) — ak,). From the boundedness of {IIZ, (z,) — a, } and the
fact that lim; ,o, c;, = 0, we get
(3.52) lim ||dg, — ag,|| = 0.

1—00
Hence, from the definition of ¢, and Step 3 of the Algorithm 3.1, we obtain
(3.53) (T (ak,) = T (di,) s ar, — I, (z1,)) > oDy (112, (21,) , ax,) -

Applying the fact that T is uniformly continuous on bounded subsets of E{, ¢ > 0
and boundedness of {II, (z;,)} and {ay,}, we have

(3.54) lim Dy (117, (zx,) , ax,) = 0.

i—00
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Then following the argument in Case 1, we arrive at the desired conclusion. [

Remark 3.9. Note that, if in Lemma 3.8, we assume that T'(z) # 0 for all z € C
and S(y) # 0 for all y € D, then the method of proof of Lemma 3.8 provides that
DVI(C,T) and DVI(D, S) contain the weak accumulation points of {ay} and {b},
respectively.

In the sequel, we shall use the following lemma.

Lemma 3.10. Let E; and Eg be real Banach spaces and g : E; — (—o00,00], f :
Ey — (—00, 0] be proper and strictly convex Gateauz differentiable functions such
that Vf and Vg are weakly sequentially continuous mappings. Suppose the sequence
{(zk,yk)} in E; x Eo converges weakly to (Z,y). Then

k—o0 k—o0
for any point (#,7) € E; x Eg such that (2,9) # (7,7).
Proof. Using the Bregman distance definition, we get that
Dy(T,zx) + Dy (Y, yr) — [Dg(&, wx) + Dy(9, yr)]
=9(@) — g(@k) — (@ — 2, Vg(ar)) + f@) — fye) = G — vk V(i)
= [9(2) = g(@k) = (& — 2, V() + f(9) = f(ye) = (G =y V()]
=9(T) —g(&) = (T — &, Vg(ar)) + f@) = F() = G =5, V()
=—[9(2) —g9(@) — (@ =7, Vg(ar)) + f(§) = f@) — G =7V f(yr)]
l9(2) — 9(F) — (2 ==, Vg(ar) + Vy(T) — Vg(T)) + f(9) — f(7)
— 0 =u V) = Vi) +VIiw)]

= —[g(2) — 9(F) — (& — T, Vyg(T)) — (& — T, Vg(zx) — Vg(T))
+ @) — f@) — (@ - y,Vf( )
— (9 =9, V() — V@)

= —Dy(2,7) + (& — T, Vg(xr) — Vg(T)) — Dy (9,7)
(3.56) +{0 =7, Vi) — V@) -

Now, using the fact that V f and Vg are weakly sequentially continuous we get that

lim Supk—)oo[Dg(§7 xk)_'_Df(gv yk)_[Dg(i'v wk)+Df(Q7 yk)]] = —Dg(.f,f)—Df((@,y).
Consequently,

limsup[Dy(Z, zx) + Df@a Yk))

k—o00

< limsuP[Dg(f¢ xk) + Df(ya yk) - Dg(:i'ka) - Df(yvyk)]

k—o0

+ limsup[Dy (&, xi) + D¢ (9, yr)]

k—o0

= —Dy(2,7) — D§(9,y) + limsup[Dgy (&, xx) + D (9, yx)]

k—o0
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(3.57) < liinsup[Dg(fﬁ,ka) + Dy (3, yr)]-
—00
Therefore, the conclusion of the lemma holds. O

Theorem 3.11. Assume that conditions (Hy) — (Hs) hold. In addition, let Vg and
V[ be weakly sequentially continuous mappings. The sequence {(xk,yr)} generated
by Algorithm 3.1 converges weakly to a point in Q*, where Q* = {(z*,y*) € VI(C,T)
xVI(D,S): Az* = By*}.

Proof. Let (z*,y*) € Q*. From Lemma 3.6, we obtain that
* * p
(3.58) ko1 <9 — Sl Az, — By,

where QF = Dy (z*,2r) + Dy (y*,yx). Hence, {Q;} is a decreasing and hence
convergent sequence. Thus (3.58) implies ||Azy — Byx|| — 0 as k — oo. Since
{(zk,yx)} is bounded by Lemma 3.6 , a sub-sequence {(z,,yx,)} of {(xk,yr)} such
that (zg,,yr,) — (Z,9) exists. This implies that x, — & and y, — §. By Lemmas
3.7 and 2.8, we get ap,—1 — 2 and by,—; — ¢ as ¢ — co. Thus, by Lemma 3.8, we
get that & € VI(C,T) and y € VI(D, S). Moreover, from (3.58) and the fact that
A and B are bounded linear mappings and {4} is convergent, we have Az = By.
Hence, (z,7) € Q.

Now we prove that (zx,yr) — (2.9) as k — oco. Suppose to the contrary that this is
not the case. Then there exists a sub-sequence {(zx,,yx,)} of {(zx,yr)} such that
(Tk;> yk;) — (T,7) as j — oo, where (7,7) # (#,9). This implies that r;, — T and
Yr; — ¥ as j — oo. Note that one may also show that (Z,7) € Q*. Now, using the
fact that {2} } is convergent and the property in Lemma 3.10, we get

lim [Dgy(&,2r,) + Ds (9, yr,)]

k—o0
= limsup [Dy(Z, x,) + D(9, y, )]
1—00
< hl’Il sSup [Dg(i LUkl) + Df(?? ykz)]
1—00
= lim [Dy(, zx) + Dy(7, yx)] = limsup [Dy(T, zx;) + Dy (Y, yr, )]
k—ro0 j—o0
< limsup [Dy(2, x,) + Ds(§,yr;)] = lim [Dy(2, xx,) + D (7, y,)]
j—00 k—o00
which is a contradiction. This yields that (Z,9) = (Z,y). Therefore, the whole
sequence {(xg,yx)} converges weakly to (Z,7) € Q* as k — oo as desired. O

Next, we propose Halpern-type projection-based algorithm for approximating a
solution of variational problems in Banach spaces.

Algorithm 3.2 Choose zg € Ej, yo € Eg and two parameters: v,0 € (0,1). Take
k = 0. For arbitrary points v € C' and v € D, calculate {z;} and {y;} as follows:
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Step 1: Compute
(3.59) a, =U%(Vg) ™ [Vg(xy) — mA* (Jes (Azy — Byg))]

(3.60) b, = I (V)L [V f () — wB* (Jey (By — Axy))],

where 0 < p <y < pg with

pr = min {p+1 BllAzy — By }
S A%, (A~ Byg) |2 + |[B*Je, (Bys — Az S

for ke YT = {m e N: Ax,, — By, # 0}, otherwise v, = p.
Step 2: Compute

2= (Vo) ! [Vg(ar) — BT (ar)], wx = (V)71 [V f(br) — BeS(br)],

where {8} C [a,1] C (0,1] for all k£ > 1.
Step 3 : Compute

my =min {m € N: (T(ay) — T(dm), ar — 1% (2k)) < 0Dy (I (2) ,ak) }

l;, = min {z eN: <S(bk) — S(er), by — HfD(uk)> < oDy (Hg (ug) ,bk) } ,

where
iy = Y™ (2) + (1= y™)ar, e = 7T (ug) + (1 = 7).
Let
dip =" L (2) + (1= 4™ )ag, ex = YT (ug) + (1 — 7)by.

Step 4 : Compute

Tpr1 = apu+ (1 — ak)chnHk(ak), Yrt1 = agv + (1 — ak)HfDﬂRk (b),
where

Hy={x €Ey:(T(d),z —dg) <0} and Ry = {y € Eg : (S(er),y — ex) < 0}.

Step 5 : Let k =k + 1 and return to Step 1.

Remark 3.12. The novelty of the proposed Halpern-type projection-based method
is that it provides strong convergence to the solution of the more general problem
know as split equality dual variational inequality problems associated with the class

of uniformly continuous quasimonotone mappings in Banach spaces. It does not

require prior knowledge of the Lipschitz constants of the underlying mappings. It

extends all the results in the literature from Hilbert spaces to the more general

reflexive Banach spaces under mild conditions.

Lemma 3.13. Assume that conditions (Hy)— (Hg) hold. Then, the sequences {xy},

{ar}, {yr} and {by} generated by Algorithm 3.2 are bounded.
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Proof. Let (7,7) € 2. Then from (3.23), (2.11) and Lemma 2.13, we obtain that

Dy(T, xp41) = Dy(, (awu + (1 — o) gy, (ak))
< ap Dy (T, u) + (1 — ) Dy (2,117, 1y, ()
< apDy(Z,u) + (1 — ax)Dy(Z, ar)
(3.61) < apDy(T,u) + (1 — o) (Dy (T, x) — i (A" Jgy (Az, — Byg), pr — T)) -

Similarly, we get
(3.62)
D¢y, ykr1) < aDy(y,v) + (1 — ag) (Dy (U, yr) — vk (B Jes (Byr — Azp), te — 7)) -

Denote: Q) = Dy(Z,x) + Df(¥,yx). Then, from (3.61), (3.62) and (3.30) we
obtain that

Q1 < (1 — ) + g [Dy (T, u) + Dy (7, v)] — gHAxk — Byil]?
< (1 _ ak)Qk + ag [DQ(T, U) + Df(yvv)]
< max {Q, Dy(Z,u) + Ds(y,v)}

(3.63) < max {Qo, Dg(Z,u) + D¢(y,v)},Vk > 0.

Thus, the sequence {4} is bounded and hence the sequences {D,(Z,z;)} and
{D¢(¥,yr)} are bounded. Therefore, by Lemma 2.8, we have {x;} and {yx} are
bounded.

([l

Theorem 3.14. Assume that conditions (Hy)—(Hg) hold. Let T'(z) # 0, for all xz €
C and S(y) # 0, for ally € D. Then, the sequence {(xr,yx)} generated by Algorithm
3.2 converges strongly to (z*,y*) = I} (u,v), where h(z,y) = (g(x), f(y)).

Proof. Let (z*,y*) = 114 (u,v). Then, from (2.5) we get that
(3.64)  ((Vg(u),Vf(v)) = (Vg(*), VI(y")), (s,t) — (2", 57)) < 0V(s,t) € Q.
From (2.9), (2.10), Lemma 2.13 and (3.24), we have
Dy(2*, 2p41) = Dy(z*, (Vg) ™ (e Vg(u) + (1 — Oék)Vg(H%nHk(ak)))
= Vy(a™, (e Vg(u) + (1 — a) Vg(IIZ, 4 7, (a)))
< V(2™ (1 - Oék)Vg(H%mHk(ak)) + aVg(a™))

+ ay (Vg(u) — Vg(a™), zp1 — 27)
= Dy(a*, (Vg) (1 — ar) Vg(IIE, Ay, (ar)) + axVg(a®)) + arVg(z™)
+ ay (Vg(u) — Vg(a™), xp11 — %)
(3.65) < (L= op) Dy (2", 1IE, 57, (ax)) + i (Vg(u) — Vg (a7), 2p41 — 27)
(3.66) < (1 —oa)Dy(x*,ar) + ar (Vg(u) — Vg(z*), xp41 — z¥)
< (1 —oak)Dy (2", zg) — (1 — ag)y (A" gy (A — Byk), p — 2*)
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(3.67) + o (Vg(u) — Vg(z*), xpr1 — x¥) .
Similarly,

Dy(y*, yrr1) < (1 — ) Dy (v, yr) — (1 — ag) v (B* Jrs (Byr — Azg), te — y*)
(3.68) +ap (V) = VW) yerr —y") -

Let Q = Dy(x*,xr) + Ds(y*, yx), then from (3.67), (3.68) and (3.30), we get
Q1 < (1= o) — (1= o) || Az — B
(3.69) +ar [(Vg(u) = Vg(@"), ze1 — ) +(Vf(0) = VW), Y1 — y")]
< (1 — ag)
+ax [(Vg(u) = Vg(@®), an — %) + (Vf(0) = V"), ye — y7)]

+ ay [(Vg(u) = Vg(z™), zp1 — zk) +(Vf(0) = V"), Yr+1 — k)]
< (1 — o)
+ap [((Vg(u), VI(v) = (Vg(@), VI(y")), (ks yk) — (2", y7))]
(3.70) +ai [(Vg(u) = Vg(a™), 2kr1 — 2k) +(VF(0) = V"), Ykt1 — yk)] -

We now consider two cases on the sequence {€}.
Case I. Suppose there exists a natural number N such that Qi1 < Qf for all

k > N, then we have by the Monotone Convergence Theorem that the sequence
{Q4} converges. Taking the limit as k — oo in (3.69), we obtain

(3.71) lim ||Azy — Byl = 0.
k—ro0

Moreover, since {(xg,yx)} is bounded in E; x Ey which is reflexive, then there exists
a subsequence {(zy,, Yk, )} of {(zk, yx)} such that (zx,,yx,) — (ZT,7) € E1 x Eg and

limsup ((Vg(u), Vf(v)) = (Vg(2"), V), (zr, y) — (2% 57))

k—o0
= lim ((Vg(u). V/(0) ~ (Va(e*), V(") (o) — (2,9
(3.72) = ((Vg(u), Vf(v)) = (Vg(z*), VI(y")), (&,7) — («",y7)) -

Consequently, we have zj, — 7 and y;, — 7. Now, we show that (Z,7) € Q.
From the definition of ay, (2.11), (2.9), (2.10), the property of the Bregman
projection and the Cauchy Schwarz inequality, we have

Dy (zk,a) < Dy (w3, (Vg) ™! [Vg(ﬂ«"k) — A" (Jg, (Azy — Byi)])
= Vg (z, Vg(zg) — A" (Jrs (Azi, — Byy)))
< Vy (wp, Vg(ag)) — < *(Jgs (A — Byk), prx — Ti)
= Dy (2, Tr) — Mk <A*JJE3(ASCI<; — Byk), Pk — T)
(3.73) < Y| |[A*Jgs (Az — Byg)||-[pk — x|
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Substituting (3.28) into (3.73), taking the limit on both sides and making use of
the inequality in (3.71), we obtain

0< lim D
< lim (T, ar)

2
< tim CEI1AIPIJz, (Ani — Buy) )
(3.74) o

2
Ny
< lim (<F||A|*[| Ay — Byil*)
k—o0 5
=0.
This implies that limy_,oc Dg(xg,ar) = 0 and hence by Lemma 2.3, we get

(3.75) ke — ax|| = 0.

lim
k—o0
Similarly, we have that

(3.76) lim ||yx — bx|| = 0.
k—o00

Hence, we obtain that ay, — = and by, — y. Therefore, by Remark 3.9, we get
z € DVI(C,T) and y € DVI(D,S). Moreover, since A and B are bounded linear
maps, we obtain that Az, — AT and By, — By as ¢ — oo and this with (3.71)
imply that AT = By. Therefore, we have (7,7) € . Thus, from (3.64) and (3.72),
we obtain that

limsup ((Vg(u), Vf(v)) = (Vg(2"), V")), (xr, ye) — (27, 97))

k—o0
= lim ((Vg(u), VF(v)) = (Vg(2"), VF(y")), (21, yr,) — (@7 97))
(3.77) = ((Vg(u), Vf(v)) = (Vg(z*), VI(y")), (Z,7) — (z",y")) <0.

Let vy, = H%ﬂHk (ar) and u = HémRk(bk). Then, from the convergence of €,
(3.65),(3.80), (3.67) and (3.68) we get

Jim [Dg(x*7ak) + Df(y*ybk)] = lim [Dg(x*Wk) + Df(y*ﬂuk)}

(3.78) —00 —00

= lim |:Dg($*,xk+1) + Df(y*vyk+1):| .

k—o0

Moreover, using (2.6) and (3.78) we get

lim {Dg(vk, ak) + Dg(uk, bk)}

k—o0
= lim |:Dg($*a ak) - Dg(l‘*, vk) + Df(y*v bk) - Df(y*7 Uk)]
k—o0
= lim [Dg(l‘*, ar) + Dy(y*,bx) — (Dg(a", xp11) + Dg(y*»yk+1)}
o+ Jim [ Dy, 241) + Dy(ys ki) = (Dgla™, 0x) + Dy(y" wr)|

(3.79) — 0 as k — oo,
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and hence Dgy(vg,ar) — 0 and Dy (ug,by) — 0 as k — oco. This, along with Lemma
2.3, provides that vy —ap — 0 and up — by, — 0 as k — oo. Thus, from this and
Step 4 of Algorithm 3.2, we obtain

(3.80) w41 —xp = ag(u—axk) + (1 — o) (v — k) — 0, as k — oo.
Similarly,
(3.81) Ykt1 — Yr — 0, as k — oo.

Now, from (3.70), (3.77), (3.80), (3.81) and Lemma 2.15, we obtain that Q; — 0 as
k — oo, and hence Dy(x*,x) — 0 and Ds(y*,yx) — 0 as k — oo. Therefore, by
Lemma 2.3, we obtain that z; — «* and y, — y* as k — oo.

Case II. Suppose there exists a subsequence {Q,} of {Q;} with Q, < Q4 for
all # > 0. Then, by Lemma 2.14, there exists a non-decreasing sequence {m;} of
positive integers such that lim;_,,, m; = co and

(382) le < le+1 and Qk S le—l—h
for all positive integers [. We have from (3.70) that
p
§‘|Axml - Byml||2 < (1= a)Qm — Qg1
(383) + o, [ (Vg() = Vg(a™)), 241 — 27)
+{(VF(©) = V) Y1 — y)]-

Taking the limit as [ — oo on both sides of (3.83) and taking (3.82) and the property
of ayy, into account, we obtain that llim | A%y, — Bym, || = 0. Moreover, following
—00

similar methods used in Case I, we obtain

(3.84) liflli)sup«Vg(U)an(v)) = (Vg(@), VI (Y)s (@mys ymy) — (2%, 97)) < 0.

Thus, the inequalities in (3.70) and (3.82) imply that

oy iy < oy — Qo1
+ am (Vg(u), V() = (Vg(@*), V(y"), (@my, ymi) = (275 97))
+ amy [(Vg(u) = Vg(a™)), Zmy1 — Tmy)
+ (V) = V) Y1 = ymi)] -

(3.85)

which yields

Qny < ((Vg(w), VI(0)) = (Vg(@™), V(y), (@my, ymy) = (27, 97))
(3.86)  +[(Vg(u) = Vg(x")), tmyt1 = @m,) + (V. (0) = VI(Y), Yy = ymi)] -

Taking the limsup as [ — oo on both sides of (3.86) and using (3.84), (3.80) and
(3.81), we obtain that lim; ,o, ©,, = 0. This together with (3.69) imply that
limy 00 Q41 = 0, which implies by (3.82) that limj_, €, = 0. As a consequence,
we get limy o0 Dy (x*, ) = limg_,00 Dy(y*, yx) = 0 and hence, we obtain by Lemma
2.3 that limy_,, zp = =¥ and limy_,, yr = y*. Therefore, we conclude from Cases |
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and II that the sequence {(zk,yr)} generated by Algorithm 3.2 converges strongly
to (z*,y*), where (2*,y*) = P(%,9), and hence the proof is complete. O

We notice that if the mappings T" and S in Theorem 3.11 and Theorem 3.14 are
assumed to be Lipschitz continuous and quasimonotone, then we get the following
corollaries.

Corollary 3.15. Assume that (H1) and (Hz) — (Hs) hold. In addition, let V f and
Vg be weakly sequentially continuous mappings. If T' : E1 — E] and S : Eo — E3 are
quasimonotone mappings that are Lipschitz continuous on C and D, respectively,
satisfying (3.1), then the sequence {(x,yr)} generated by Algorithm 3.1 converges
weakly to (x*,y*) € QF, where ¥* = {(z*,y*) e VI(C,T) x VI(D, S) : Az* = By*}.

Corollary 3.16. Assume that (H1) and (H3) — (Hg) hold. Let T : E; — E} and
S 1 Ey — E5 be quasimonotone mappings that are Lipschitz continuous on C and
D, respectively, satisfying (3.1). Let T(x) # 0, for all x € C and S(y) # 0, for
ally € D. The sequence {(zk,yr)} generated by Algorithm 3.2 converges strongly to
(z*,y*), where (z*,y*) = 114 (u,v).

If we assume that E; and Es are smooth and 2-uniformly convex Banach spaces
and take g(-) = 4[|-|? and £(-) = 3{|-|[%, then Vg = Jg,, Vf = Ji,, (Vg)™! = J!
and (Vf)~! = Jigl. Thus, we get the following corollaries.

Corollary 3.17. Let C' and D be nonempty, closed and convex subsets of the smooth
and 2-uniformly convexr Banach spaces &1 and Eo, and assume that conditions
(Hs) — (Hy4) are satisfied. In addition, let Vg = Jg,,Vf = Jg,, (Vg)™! = JE_;
and (Vf)~! = Jﬁ; be weakly sequentially continuous mappings. Then, the sequence

{(zk,yx)} generated by Algorithm 3.1 converges weakly to (z*,y*) € QF, where
QF ={(z*,y*) e VI(C,T) x VI(D,S) : Ax* = By*}.

Corollary 3.18. Let C' and D be nonempty, closed and convex subsets of the smooth
and 2-uniformly convexr Banach spaces E1 and Es, and assume that the conditions
(H2) — (H4) and (Hs) are satisfied. Let T(x) # 0, for all x € C and S(y) # 0,
for ally € D. Then, the sequence {(xk,yx)} generated by Algorithm 3.2 with Vg =
Je,,Vf = Jg,,(Vg) ™! = IE; and (V)1 = JIE;I , converges strongly to (z*,y*),
where (z*,y*) = I8 (u,v).

If we assume, in Theorem 3.11 and Theorem 3.14 that E;, Es and E3 are real
Hilbert spaces, g(-) = 5|-[|* and f(-) = 5|-|[%, then Vg = I,, Vf = Ig,, (Vg)~' =
I]E_i‘l and (Vf)~! = IE; and hence we obtain the following corollaries.

Corollary 3.19. Let Ei,Ey and E3 be real Hilbert spaces and let C' and D be
nonempty, closed and convex subsets of B1 and Ko, respectively. Assume that condi-
tions (Hy)— (Hy) are satisfied. Then the sequence {(xk,yxr)} generated by Algorithm
3.1 with Vg = Ig,,Vf = Ig,,(Vg)~! = I]]Ejl and (Vf)™! = I]E_Sl, converges weakly
to (z*,y*) € QF, where Q" = {(z*,y*) € VI(C,T) x VI(D,S) : Az* = By*}.
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Corollary 3.20. Let E{,E9 and Ez be real Hilbert spaces and let C' and D be
nonempty, closed and convex subsets of E1 and Eo, respectively. Assume that con-
ditions (Ha) — (H4) and (Hg) are satisfied. Let T(x) # 0, for all x € C and
S(y) # 0, for ally € D. Then the sequence {(xk,yr)} generated by Algorithm 3.2
with Vg = Ig,,Vf = Ig,,(Vg) ™! = IE_’II and (Vf)~1 = I]Ezl, converges strongly to
(z*,y*) = Po(u,v).

4. APPLICATIONS
In this section, we apply our main result to solve some specific problems.

4.1. Split Variational Inequality Problems (SVIP). Let C' and D be nonempty,
closed and convex subsets of real Banach spaces E; and Es, respectively. Let
T :E; — Ej and S : Eo — E5 be two non-linear mappings. Let A : E; — Ej
be a bounded linear mapping with A* as its adjoint. The SVIP (see, e.g., Censor
et al. [3]) is to:

(4.1) find * € VI(C,T), y* € VI(D,S) such that y* = Az*,
where as SDVIP is to:
(4.2) find z* € DVI(C,T), y* € DVI(D,S) such that y* = Az™.

Censor et al. [3] introduced the SVIP in 2012. It is widely known to have a number
applications such as in phase retrieval, image and signal processing, data compres-
sion, among others (see, for example [27] and the references therein). Denote I' =
{(z*,y*) €e DVI(C,T) x DVI(D,S) : Az* = y*} and I'* = {(a*,y*) € VI(C,T)x
VI(D,S): Az* = y*}. Then, we have the following corollaries.

Corollary 4.1. Assume that conditions (H1) — (Hs) and (Hs), with By = E3 and
B = Ig, hold. Let Vf and Vg be weakly sequentially continuous mappings. If
I’ # @, then the sequence {(xk,yx)} generated by Algorithm 3.1 converges weakly to
(x*,y*) e I'".

Corollary 4.2. Assume that conditions (H1) — (Hs) and (Hs) — (Hg) with Ey = Eg
and B = Ig, hold. If T # @, then the sequence {(zk,yr)} generated by Algorithm
3.2, with B = Ig,, converges strongly to (z*,y*), where (x*,y*) = Il (u,v).

4.2. Common Solutions of Variational Inequality Problems. Let C' and D
be nonempty, closed and convex subsets of a real Banach space E with it dual
E*. Let T,S : E — E* be two nonlinear mappings. The Common Solutions of
Variational Inequality Problem is to:

(4.3) find a point 2* € C such that * € VI(C,T)NVI(C,S),
where as the Common Solutions of Dual Variational Inequality Problem is to:
(4.4) find a point z* € C such that z* € DVI(C,T) N DVI(C,S),

Denote ¥ = {(z*,y*) € DVI(C,T) x DVI(D,S) : z* = y*} and ¥* = {(z*,y*) €
VI(C,T)x VI(D,S):z* =y*}. Now, we have the following corollaries.
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Corollary 4.3. Assume that conditions (Hy) — (Hs) and (Hs), with By = Ey =
Es = E hold. Let Vf and Vg be weakly sequentially continuous mappings. If
U £ @, then the sequence {(zk,yr)} generated by Algorithm 3.1, with A = B = Ig,
converges weakly to (z*,z*) € U*.

Corollary 4.4. Assume that conditions (Hy) — (Hs) and (Hs) — (Hg) with E; =
Eo = E3 = E hold. If U # O, then the sequence {(x,yx)} generated by Algorithm
3.2, with A = B = Ig, converges strongly to (z*,z*), where (z*,z*) = 1% (u,v).

5. NUMERICAL EXAMPLE

In this section, we give a numerical example with illustrations to demonstrate the
applicability of the algorithms.

Example 5.1. Let E = E; = Ey = E3 = R? with the usual norm. Let
C={(z,y) €E: (z—-2)*+y* <1} and D = {(z,y) e E: 2?4+ (y — 2)* < 1}.

Clearly, C and D are closed and convex subsets of [E. Define the mappings T, S
E — E by T(z,y) = (J_%,O) and S(z,y) = (O, %)
T and S are uniformly continuous on bounded subsets of C' and D, respectively.
It remains to show that the mappings 7" and S are quasimonotone on E. Indeed,
suppose that for (z1,z2), (y1,y2) € E, we have (T'(z1,x2), (y1,y2) — (x1,22)) > 0,
that is,

Clearly, the mappings

£0.0) (g1 12) — (01,22)) = T (31 — 1) > 0
1+x%7 , \(Y1,92 1,42 - 1+m% Y1 1 .
Then, this implies that y; — x; > 0, and hence

(Tl y2), (1. 92) = (@1, 22)) = ( (725.0) + (w1, 32) = (w1,22) ) = 25 (g —1) > 0.

This yields that 7" is quasimonotone. However, if we take (z1,z2) = (0,0) and
(y1,32) = (F.0), then (T(z1,22), (y1,y2) — (z1,22)) = 0, but (T(y1,92), (y1,92) —
(x1,22)) < 0, which implies that T is not pseudomonotone. Similarly, one can
show that S is uniformly continuous on bounded subsets of D and quasimono-
tone. Moreover, DVI(C,T) = VI(C,T) = {(1,0)} and DVI(D,S) =VI(D,S) =
{(0,1)}. Let A: E — E and B: E — E be defined by A(z1,z2) = (0,%) and
B(z1,2z2) = (321,0). Clearly, A and B are bounded linear mappings with adjoints
A*(z1,22) = (0,%) and B*(x1,22) = (3z1,0), respectively. In addition, we have
A(1,0) = (0,0) = B(0,1). Therefore, we have that

(z*,y*) = ((1,0),(0,1)) € @ ={(z,y) € VI(C,T) x VI(D, S) : Az = By}.
Define g: E — (—o0, 400 and f: E — (—o0,+0o0] by g(z) = 2||a:|]2 and f(y) =
%Hy”2 Then, Vg(z) = (Vg) 1o = IEJJ =zand Vf(y) = (Vf) 'y = Igy = y. Take
n}rl, 0c=0.9,6,=0.01+ n+1 Then the conditions (H;) — (Hg) are satisfied.
We have conducted the numerical experiments to demonstrate that the error term
sequence E,, = {||(zn,yn) — (", y*)||}, n > 1, of Algorithm 3.1 and 3.2 converges
to zero for different parameters.

Ay —

In Figure 1(A) and Figure 1(B), the convergence of the error term sequence
E, = {||(zn,yn) — (*,y*)||} with the aforementioned parameters is indicated for
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It is clear that Figure 2(A) and Figure 2(B) illustrate how E,, = {||(zn,yn)
—(x*,y*)||} converges for the inertial parameter v = 0.9 and different initial values
(-To, yo) = ((27 0)’ (0’ 2)) ) (.CE(], yO) = ((3’ 0)7 (Oa 3)) ) (1'0, yO) = ((107 O)a (07 10)) and
(zo,y0) = ((20,0), (0,20)) for Algorithms 3.1 and 3.2, respectively.
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Remark 5.2. The numerical experiment’s results, which can be seen in Figure 1
and Figure 2, demonstrate that E,, = || (zn,yn) — (z*,y*)|| converges strongly to
zero; that is, for both algorithms, the sequence {(z,,y,)} converges strongly to the
point (z*,y*) = ((1,0),(0,1)) of Q.

We can also observe from Figure 1 and Figure 2 that the rate of convergence for
both algorithms eventually becomes the same regardless of the beginning locations
we choose.

6. CONCLUSIONS

In this paper, we proposed and studied an iterative method for solving split
equality variational inequality problems in reflexive real Banach spaces. Weak and
strong convergence theorems are established for Algorithm 3.1 and Algorithm 3.2,
respectively, under the assumption that the underlying mappings are quasimono-
tone and uniformly continuous. As a consequence, we obtain weak convergence of
Algorithm 3.1 to the solution of the variational inequality problems involving uni-
formly continuous quasimonotone mappings in reflexive real Banach spaces. Our
findings provide positive answers to the questions posed and expand on the existing
literature. Our main result has been supplemented with specific applications. In
addition, a numerical example has been provided to demonstrate the effectiveness
of our method.

This paper’s main result generalizes a lot of results found in the literature because
it deals with a more general split equality problem in the setting of Banach spaces,
a more general than Hilbert spaces. Specifically, it extends the works in [32] from a
variational inequality problem to a more general split equality variational inequality
problem and from weak convergence to strong convergence results.
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