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CONVERGENCE TO A POINT OF COINCIDENCE FOR
NONLINEAR MAPPINGS UNDER THE PRESENCE OF
SUMMABLE ERRORS

ALEXANDER J. ZASLAVSKI

ABSTRACT. In the present paper, we study an iterative process associated with
a point of coincidence problem for two nonlinear mappings and show its conver-
gence under the presence of summable computational errors.

1. INTRODUCTION

Since the seminal result of Banach [2] the fixed point theory of nonexpansive
mappings has been a rapidly growing field of research. See [3, 10, 11, 13, 14, 19, 20,
23, 24, 25, 26, 27] and the reference mentioned therein. A significant progress has
been done, in particular, in studies of common fixed point problems, which have
important applications in engineering and medical sciences [8, 9, 12, 26, 27]. In
[22] it was established the convergence of every inexact orbit of a strict contraction
(that is, c-Lipschitz where ¢ € (0,1)) mapping with summable errors. This result
was generalized in [7] where it was shown that if any exact orbit of a nonexpansive
mapping converges to its fixed point, then this convergence property also holds
for its inexact orbits with summable errors. This result was obtained for a self-
mapping of a complete metric space X. In the [28] the result of [7] was generalized
for nonexpansive mappings which take a nonempty, closed subset K of the complete
metric space X into X. In this paper we obtain an analog of these results for iterative
processes associated with a point of coincidence problem for two nonlinear mappings
and show their convergence under the presence of summable computational errors.
The study of coincidence points of nonlinear mappings is an important topic of the
fixed point theory [1, 4, 5, 16, 17, 18].

Assume that (X, p) is a complete metric space. For each z € X and each r > 0
set

B(z,r)={y € X : p(z,y) <r}.
For each z € X and each set A C X put

p(w, A) = inf{p(z,) : y € A}.
For each mapping S : X — X set SY(x) = z for each # € X and for each integer
i > 0 define St = S o S
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In [7] it was studied the influence of errors on the convergence of orbits of non-
expansive mappings in metric spaces and it was obtained the following result (see
also Theorem 2.72 of [24]).

Theorem 1.1. Let A: X — X satisfy
p(Ax, Ay) < p(z,y) for all z,y € X,

let F(A) be the set of all fixred points of A and let for each x € X, the sequence
{A"x}22 | converges in (X, p).
Assume that {xn}22, C X, {rn}5%, C (0,00) satisfies

oo
g Ty < 00
n=0

and that
p($n+17A$n) < Tn, N = 07 17 s
Then the sequence {xy}22 | converges to a fized point of A in (X, p).

Theorem 1.1 found interesting applications and is an important ingredient in
superiorization and perturbation resilience of algorithms. See [6, 8, 15, 21] and
the references mentioned therein. The superiorization methodology works by tak-
ing an iterative algorithm, investigating its perturbation resilience, and then using
proactively such perturbations in order to ”force” the perturbed algorithm to do in
addition to its original task something useful.

Assume that S: X - X and T : X — X. If v € X and S(z) = T'(z), then the
point z is called a coincidence point, while the point y = T'(x) is called a point of
coincidence.

We associate with the coincidence point problem sequences

{zntnzo {yntnzo € X
satisfying

T(rpn) = Yn = S(Tnt1)
for each integer n > 0. It is known that under certain assumptions the sequence
{yn}22, converges to a point of coincidence. In the present paper we show that
this property is stable under the presence of summable computational errors. It
should be mentioned that the study of the equation above and the convergence of
the sequence {y,}°°, is now a growing area of research [1, 4, 5, 16, 17, 18]. Of
course, our results are theoretical but they can find applications in superiorization
and perturbation resilience of algorithms. See the discussion above.

2. THE FIRST RESULT
Assume that (X, p) is a complete metric space, S, T : X — X,
(2.1) p(T'(2), T(y)) < p(S(x), S(y)) for each z,y € X,
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S(X) is closed and that
(2.2) T(X) C S(X).

We assume that the following assumption holds.
(A) For each {zp}22 ), {yn}5, C X satisfying

T(zn) = yn = S(Tn+1)
for each integer n > 0, there exists lim,, oo Yn-

Theorem 2.1. Assume that {x,}52,, {yn}o2y C X, {ri}2y C (0, 00),

o0

Z’I”i<OO

i=0
and that for each integer ¢ > 0,
(2.3) p(T(z;),yi) < iy p(S(Tit1),9i) < rie
Then there exist
Ys = lim y;
1— 00
and x, € X such that S(xzy) = ys = T(xy).

Proof. Let € € (0,1). Clearly, there exists a natural number ng such that

(2.4) i ri < €/4.

i=ng
There exist {Z,}022q, {Un}o>y C X such that
Tng = Tng
and that for each integer i > ny,

(2.5) Gi = T(2;), S(Ziv1) = Ui-

29

Assumption (A) implies that there exists lim; ,oo 9;. Let i > ng be an integer. By

(2.1), (2.3) and (2.5),
P(Tit1,Yit1) < SWit1, T(wig1)) + S(T(xi41)s Yit1)
<7rit1 + p(T(xis1), T(Tit1))
< rig1 + p(S(wit1), S(Zit1))
< rip1 + p(S(wiv1), i) + p(Yi, i)
<1+ rig1 + p(Yi, Ui)

and
(2.6) p(Fi+1,Yi+1) < p(Yis i) + Ti
In view of (2.5),

(2'7) p(gnmyno) = p(T(:L’nO), yno) < Tng-
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By (2.4), (2.6) and (2.7),

0 00
> plfiy) <2 i <ef2.
1=mng i=ng

Since the sequence {7;}52,,

large natural numbers i, j,

converges we conclude that for each pair of sufficiently

p(yis yj) < €
Since € is any element from (0, 1) {y;}52, is a Cauchy sequence and there exists
(2.8) Y = lim yy,.
n—oo

By (2.3) and (2.8),
yr = lim y, = lim S(x,).

n—oo n—oo

There exists z, € X such that
(2.9) S(Ts) = Yx.

In view of (2.1), for each integer n > 0,

p(T(24), T (xn)) < p(S(@n), S(z4)) < p(S(@n), yn) + p(Yn, yx) = 0
as n — o0o. Thus
(o) = Jim 7o) = fim vo =

as n — oo. Theorem 2.1 is proved. O

It is not difficult to see that assumption (A) holds if K = X, S : X — X,
€(0,1), @ : X — X satisfies p(Q(z),Q(y)) < cp(z,y), xz,y € X and T = Qo S.

3. THE SECOND RESULT

Assume that (X, p) is a complete metric space, K is a nonempty closed subset of
X, 5T K—X,

(3.1) p(T'(z), T(y)) < p(S(x),S(y)) for cach z,y € K,
(3.2) K NT(K) C S(K).

Theorem 3.1. Assume that the following assumption holds.
(B) for each {zn}7% o, {un}toly C K satisfying for each integer i > 0,
T(z;) = yi = S(xi+1)
there exists lim;_, o0 ¥;-
Assume that v € (0,1), {zn}720, {Un}to2y C K, {ri}32, C (0,00),

o

(3.3) Y ri<oo
=0
and that for each integer i > 0,

(3-4) p(T (i), yi) < iy p(S(it1),yi) <7
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and that for all sufficiently large natural numbers 1,
(3.5) B(y;,r) C K.
Then there exists
Ys = lim y;
1— 00
and if v € X satisfies S(x«) = y« (it exists if S(K) is closed) then T'(x.) = ysx.

Proof. Let € € (0,7). By (3.3), there exists a natural number ng such that

(3.6) i r; < €/8,
i=ng
(3.7) B(y;,r) C K for all integers i > nyg.
Set
(3.8) Tpg = Tpy € K
and
(3.9) Yno = T(Zny)-
In view of (3.4), (3.8) and (3.9),
(3.10) P(Ung» Yno) = P(Ung, T(Tng)) < Tng-

By (3.6), (3.7) and (3.10),
Ung € B(YngsTny) C K.

Assume that n > ng is an integer, (3.8), (3.9) hold, Z;,9; € K, i = ng,...,n, for
each integer ¢ € {ng,...,n},

(3.11) gi = T(2:),
for each integer ¢ € {nog,...,n} \ {n},
(3.12) S(Ziv1) = Ui,
(3.13) PYnsGn) <Y {2ri: i € {no,...,n}\ {n}} +ry.
(Note that in view of (3.8)-(3.10) our assumption holds for n = ng.) By (3.6) and
(3.13),
(3.14) P(Yn,TUn) <7, Jn € K.
Equations (3.2) and (3.11) imply that there exists
Tpy1 € K
such that
(3.15) S(Znt1) = G-
Set

(3'16) Un+t1 = T(fn—&-l)'
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It follows from (3.1), (3.4), (3.13) and (3.16) that

P(Yn+1:Yn+1) < p(L(Zn41), T(2n41)) + p(Ynt1, T (nt1))
< Tnt1 + p(S(@nt1), S(Tnt1))
< g1 + P(Tns Yn) + p(Yns S(Tns1))
< g1+ 7o+ p(Yn, Un)

(3.17) <Y it
i=ng
In view of (3.6) and (3.17),
gnJrl c B(ynerT) CK.

Thus the assumption made for n also holds for n + 1. Therefore by induction we
constructed {Z,}5%, {Un}2>, C K such that (3.8), (3.9) hold and that for each
integer n > ny,

Assumption (B) and the relations above imply that for each n > ny,

P(Yn, Un) < €/4

and the sequence {7;}3<,,

large natural numbers i, j,

converges. This implies that for each pair of sufficiently

p(Yi,y5) < €

Since € is any element from (0, 1) {y;}52, is a Cauchy sequence and there exists

(3.18) Ye = lim y, € K.

n—oo

By (3.4) and (3.18),
(3.19) yr = lim S(zp).

n—oo

Assume that there exists z, € K such that

(3.20) S(z4) = Ys-

In view of (3.1), (3.4), (3.19) and (3.20), for each integer n > 0,

P(T(24), T (xn)) < p(S(@n), S(@x)) < p(S(2n); yx) < p(S(@n), Ynt1)+p(Yn+1,¥x) = 0
as n — oo. Thus

T(z.) = lim T(x,) = JLI{:Oyn = Ys.

n—o0

Theorem 3.1 is proved. g
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