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by Mann’s algorithm converges weakly to a fixed point of T provided the sequence
{αn} satisfies the condition:

∑∞
n=1 αn(1 − αn) = ∞. This algorithm however does

not converge in the strong topology, in general (see [1, Corollary 5.2]).
Browder and Petryshyn [2] studied weak convergence of Mann’s algorithm for

the class of strictly pseudocontractions. However, Mann’s algorithm fails to con-
verge for Lipschitzian pseudocontractions (see the counterexample of Chidume and
Mutangadura [10]). It is therefore an interesting question of inventing iterative algo-
rithms which generate a sequence converging in the norm topology to a fixed point
of a Lipschitzian pseudocontraction (if any). The interest of pseudocontractions lies
in their connection with monotone operators; namely, T is a pseudocontraction if
and only if the complement I − T is a monotone operator. Some related works,
please refer to [35]- [22]. Especially, in order to find the minimum norm fixed point
of pseudocontractions, Zegeye, Shahzad and Alghamdi [32] proved the following
convergence result:

Theorem 1.1. Let K be a nonempty closed convex subset of a real Hilbert space H.
Let T : K → K be a Lipschitz pseudocontractive mapping with Lipschitz constant
L ≥ 0 and Fix(T ) ̸= ∅. Let a sequence {xn} be generated from arbitrary x1 ∈ K by

(1.3) xn+1 := (1− λn)xn + λnTxn − λnθn(xn − PK [(1− tn)xn]), n ≥ 1,

where {λn}, {θn} and {tn} are real sequences in (0, 1] satisfying the conditions:
(C1) limn→∞ θn = limn→∞ tn = 0; (C2) λn(1 + θn) ≤ 1,

∑
n λnθntn = ∞,

limn→∞ λn/θntn = 0; (C3) limn→∞[θn−1 − θn]/λnθ
2
nt

2
n = 0 and limn→∞[tn−1 −

tn]/λnθnt
2
n = 0. Then, the sequence {xn} converges strongly to the minimum-norm

fixed point of T .

Remark 1.2. We note that the restrictions (C2)-(C3) are complicated. That is to
say, it is difficult to select the algorithm parameters.

Inspired by the results in the literature, the main purpose of this article is to con-
struct iterative method for finding the fixed points of pseudocontractive mappings.
Under some mild conditions, strong convergence results are given. As a special case,
the minimum norm fixed point of pseudocontractive mappings can be approached
iteratively.

2. Preliminaries

A mapping T : C → C is called L−Lipschitzian if there exists L > 0 such that

∥Tx− Ty∥ ≤ L∥x− y∥,
for all x, y ∈ C.

Recall that the (nearest point or metric) projection from H onto C, denoted PC ,
assigns, to each x ∈ H, the unique point PC(x) ∈ C with the property

∥x− PC(x)∥ = inf{∥x− y∥ : y ∈ C}.
It is well known that the metric projection PC of H onto C has the following basic
properties:

(a) ∥PC(x)− PC(y)∥ ≤ ∥x− y∥ for all x, y ∈ H;
(b) ⟨x− y, PC(x)− PC(y)⟩ ≥ ∥PC(x)− PC(y)∥2 for every x, y ∈ H;
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(c) ⟨x− PC(x), y − PC(x)⟩ ≤ 0 for all x ∈ H, y ∈ C.
It is well-known that in a real Hilbert space H, the following hold:
(i) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩, ∀x, y ∈ H;
(ii) ∥tx + (1 − t)y∥2 = t∥x∥2 + (1 − t)∥y∥2 − t(1 − t)∥x − y∥2, ∀x, y ∈ H and

t ∈ [0, 1].
In the sequel we shall use the following notations:

• Fix(T ) stands for the set of fixed points of T ;
• xn ⇀ x stands for the weak convergence of xn to x;
• xn → x stands for the strong convergence of xn to x.

Lemma 2.1 ([34]). Let H be a real Hilbert space, C a closed convex subset of H.
Let T : C → C be a continuous pseudocontractive mapping. Then

(i) Fix(T ) is a closed convex subset of C.
(ii) (I − T ) is demiclosed at zero.

Lemma 2.2 ([30]). Assume that {an} is a sequence of nonnegative real numbers
such that

an+1 ≤ (1− γn)an + δn,

where {γn} is a sequence in (0, 1) and {δn} is a sequence such that
(1)

∑∞
n=1 γn = ∞;

(2) lim supn→∞
δn
γn

≤ 0 or
∑∞

n=1 |δn| < ∞.

Then limn→∞ an = 0.

Lemma 2.3 ([17]). Let (sn) be a sequence of real numbers that does not decrease
at infinity, in the sense that there exists a subsequence (sni) of (sn) such that sni ≤
sni+1 for all i ≥ 0. For every n ≥ n0, define an integer sequence (τ(n)) as

τ(n) = max{k ≤ n : sni < sni+1}.
Then τ(n) → ∞ as n → ∞ and for all n ≥ n0

max{sτ(n), sn} ≤ sτ(n)+1.

3. Main results

In this section, we will introduce our algorithm and prove our main results.

Algorithm 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T : C → C be a nonlinear operator. For fixed u ∈ H and x0 ∈ C arbitrarily,
define a sequence {xn} ⊂ C by the following manner:{

yn = (1− γn)xn + γnTxn,

xn+1 = PC [αnu+ (1− αn − βn)xn + βnTyn], n ≥ 0,
(3.1)

where {αn}, {βn} and {γn} are three real number sequences and PC is the metric
projection.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T : C → C be an L-Lipschitz pseudocontractve mapping with Fix(T ) ̸= ∅.
Assume the parameters {αn}, {βn} and {γn} satisfy the following restrictions:

(i): limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(ii): αn + βn ≤ γn;
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(iii): lim infn→∞ βn > 0 and lim supn→∞ γn < 1√
1+L2+1

.

Then the sequence {xn} defined by (3.1) converges strongly to PFix(T )u.

Proof. Set x∗ = PFix(T )(u). Thus, from (3.1), we have

∥xn+1 − x∗∥2 = ∥PC [αnu+ (1− αn − βn)xn + βnTyn]− x∗∥2

≤ ∥αn(u− x∗) + (1− αn − βn)(xn − x∗) + βn(Tyn − x∗)∥2

=

∥∥∥∥αn(u− x∗) + (1− αn)

(
1− αn − βn

1− αn
(xn − x∗) +

βn
1− αn

(Tyn − x∗)

)∥∥∥∥2
≤ αn∥u− x∗∥2 + (1− αn)

∥∥∥∥1− αn − βn
1− αn

(xn − x∗) +
βn

1− αn
(Tyn − x∗)

∥∥∥∥2
= αn∥u− x∗∥2 + (1− αn)

[
1− αn − βn

1− αn
∥xn − x∗∥2 + βn

1− αn
∥Tyn − x∗∥2

−βn(1− αn − βn)

1− αn
∥xn − Tyn∥2

]
= αn∥u− x∗∥2 + (1− αn − βn)∥xn − x∗∥2 + βn∥Tyn − x∗∥2(3.2)

−βn(1− αn − βn)∥xn − Tyn∥2.

By (1.2), we have

∥Tw − x∗∥2 ≤ ∥w − x∗∥2 + ∥w − Tw∥2,

for all w ∈ C.
Note that

∥xn − yn∥ = γn∥xn − Txn∥.

Hence,

∥Tyn − x∗∥2 = ∥T [(1− γn)xn + γnTxn]− x∗∥2

≤ ∥(1− γn)xn + γnTxn − x∗∥2

+∥(1− γn)xn + γnTxn − Tyn∥2

= ∥(1− γn)(xn − x∗) + γn(Txn − x∗)∥2

+∥(1− γn)(xn − Tyn) + γn(Txn − Tyn)∥2

= (1− γn)∥xn − x∗∥2 + γn∥Txn − x∗∥2

−γn(1− γn)∥xn − Txn∥2

+(1− γn)∥xn − Tyn∥2 + γn∥Txn − Tyn∥2

−γn(1− γn)∥xn − Txn∥2

≤ (1− γn)∥xn − x∗∥2 + γn(∥xn − x∗∥2 + ∥xn − Txn∥2)
−γn(1− γn)∥xn − Txn∥2 + (1− γn)∥xn − Tyn∥2

+γnL
2∥xn − yn∥2 − γn(1− γn)∥xn − Txn∥2

≤ ∥xn − x∗∥2 + (1− γn)∥xn − Tyn∥2

−γn(1− 2γn − γ2nL
2)∥xn − Txn∥2.(3.3)



FIXED POINTS OF PSEUDOCONTRACTIVE MAPPINGS 789

Since lim supn→∞ γn < 1√
1+L2+1

, without loss of generality, we may assume that

γn ≤ a < 1√
1+L2+1

for all n. Then, we have 1 − 2γn − γ2nL
2 > 0. It follows from

(3.2) and (3.3) that

∥xn+1 − x∗∥2 ≤ αn∥u− x∗∥2 + (1− αn − βn)∥xn − x∗∥2 + βn∥xn − x∗∥2

+βn(1− γn)∥xn − Tyn∥2 − γnβn(1− 2γn − γ2nL
2)∥xn − Txn∥2

−βn(1− αn − βn)∥xn − Tyn∥2

≤ αn∥u− x∗∥2 + (1− αn)∥xn − x∗∥2

+βn(αn + βn − γn)∥xn − Tyn∥2

≤ αn∥u− x∗∥2 + (1− αn)∥xn − x∗∥2

≤ max{∥u− x∗∥2, ∥xn − x∗∥2}.
By induction, we deduce

∥xn+1 − x∗∥ ≤ max{∥u− x∗∥, ∥x0 − x∗∥}.
Hence, {xn} is bounded.

Set zn = αnu+ (1−αn − βn)xn + βnTyn for all n. Then, we can rewrite xn+1 in
(3.1) as xn+1 = PC [αnu+ (1− αn)zn] for all n. Thus,

∥xn+1 − x∗∥2 = ∥PC [αnu+ (1− αn)zn]− x∗∥2

≤ ∥zn − x∗∥2

= ∥(1− αn)(xn − x∗)− βn(xn − Tyn) + αn(u− x∗)∥2

≤ ∥(1− αn)(xn − x∗)− βn(xn − Tyn)∥2 + 2αn⟨u− x∗, zn − x∗⟩
= ∥(1− αn)(xn − x∗)∥2 − 2βn(1− αn)⟨xn − Tyn, xn − x∗⟩

+β2
n∥xn − Tyn∥2 + 2αn⟨u− x∗, zn − x∗⟩.

It is easy to verify that (3.3) is equivalent to

2⟨xn − Tyn, xn − x∗⟩ ≥ γn∥xn − Tyn∥2 + γn(1− 2γn − γ2nL
2)∥xn − Txn∥2.

Therefore,

∥xn+1 − x∗∥2 ≤ (1− αn)∥xn − x∗∥2 − βn(1− αn)γn∥xn − Tyn∥2

+β2
n∥xn − Tyn∥2 − βn(1− αn)γn(1− 2γn − γ2nL

2)∥xn − Txn∥2

+2αn⟨u− x∗, zn − x∗⟩
≤ (1− αn)∥xn − x∗∥2 − βn(1− αn)γn(1− 2γn − γ2nL

2)∥xn − Txn∥2

+2αn⟨u− x∗, zn − x∗⟩.(3.4)

It follows that

∥xn+1 − x∗∥2 − ∥xn − x∗∥2 + βn(1− αn)γn(1− 2γn − γ2nL
2)∥xn − Txn∥2

≤ 2αn⟨u− x∗, zn − x∗⟩.
Since xn is bounded, then yn and Tyn are all bounded. Consequently, zn is bounded.
So,

(3.5)

∥xn+1 − x∗∥2 − ∥xn − x∗∥2 + βn(1− αn)γn(1− 2γn − γ2nL
2)∥xn − Txn∥2
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≤ αnM.

Next, we will prove that xn → x∗. We consider two possible cases.
Case 1. Assume {∥xn−x∗∥} is eventually decreasing, i.e., there exists N > 0 such
that {∥xn − x∗∥} is decreasing for n ≥ N . Then, limn→∞ ∥xn − x∗∥} exists and
from (3.5) it follows that

(3.6) βn(1− αn)γn(1− 2γn − γ2nL
2)∥xn − Txn∥2

≤ ∥xn − x∗∥2 − ∥xn+1 − x∗∥2 +Mαn.

Since lim infn→∞ βn > 0 and lim supn→∞ γn < 1√
1+L2+1

, we have lim infn→∞ βn(1−
αn)γn(1− 2γn − γ2nL

2) > 0. Letting n → ∞ in (3.6), we get

lim
n→∞

∥xn − Txn∥ = 0.

Since

∥zn − Txn∥ ≤ αn∥u− Txn∥+ βn∥Tyn − Txn∥
≤ αn∥u− Txn∥+ βnL∥yn − xn∥
≤ αn∥u− Txn∥+ βnγnL∥xn − Txn∥,

we get

∥zn − xn∥ ≤ ∥zn − Txn∥+ ∥xn − Txn∥
≤ ∥xn − Txn∥+ αn∥u− Txn∥+ βnγnL∥xn − Txn∥
= αn∥u− Txn∥+ (βnγnL+ 1)∥xn − Txn∥.

Hence,
lim
n→∞

∥zn − xn∥ = 0.

Since {zn} is bounded, there exists a subsequence {znk
} of {zn} such that

znk
→ x̃ ∈ C and lim supn→∞⟨u− x∗, zn − x∗⟩ = limk→∞⟨u− x∗, znk

− x∗⟩.
Since, xn − zn → 0, we also have {xnk

} of {xn} converging weakly to x̃ ∈ C. From
the demi-closed principle of T (Lemma 2.1), we have x̃ ∈ Fix(T ). So,

lim sup
n→∞

⟨u− x∗, zn − x∗⟩ = lim
k→∞

⟨u− x∗, znk
− x∗⟩

= ⟨u− x∗, x̃− x∗⟩
≤ 0.

From (3.6), we obtain

∥xn+1 − x∗∥2 ≤ (1− αn)∥xn − x∗∥2 + 2αn⟨u− x∗, zn − x∗⟩.(3.7)

This together with Lemma 2.2 imply that ∥xn − x∗∥ → 0.
Case 2. Assume ωn = {∥xn − x∗∥} is not eventually decreasing. That is, there
exists an integer n0 such that ωn0 ≤ ωn0+1. Thus, we can define an integer sequence
{τn} for all n ≥ n0 as follows:

τ(n) = max{k ∈ N|n0 ≤ k ≤ n, ωk ≤ ωk+1}.
Clearly, τ(n) is a non-decreasing sequence such that τ(n) → +∞ as n → ∞ and

ωτ(n) ≤ ωτ(n)+1,
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for all n ≥ n0. In this case, we derive from (3.6) that

lim
n→∞

∥xτ(n) − Txτ(n)∥ = 0.

This implies that every weak cluster point of {xτ(n)} is in the fixed points set
Fix(T ); i.e., ωw(xτ(n)) ⊂ Fix(T ). On the other hand, we note that

∥zτ(n) − xτ(n)∥ → 0.

From which we can deduce that

lim sup
n→∞

⟨u− x∗, zτ(n) − x∗⟩ = max
x̃∈ωw(xτ(n))

⟨u− PFix(T )(u), x̃− PFix(T )(u)⟩

≤ 0.(3.8)

Since ωτ(n) ≤ ωτ(n)+1, we have from (3.7) that

ωτ(n) ≤ 2ατ(n))⟨u− x∗, zτ(n) − x∗⟩.(3.9)

Combining (3.8) and (3.9) yields

lim sup
n→∞

ωτ(n) ≤ 0,

and hence

lim
n→∞

ωτ(n) = 0.

From (3.7), we have

lim sup
n→∞

ωτ(n)+1 ≤ lim sup
n→∞

ωτ(n).

Thus,

lim
n→∞

ωτ(n)+1 = 0.

From Lemma 2.3, we have

0 ≤ ωn ≤ max{ωτ(n), ωτ(n)+1}.

Therefore, ωn → 0. That is, xn → x∗. This completes the proof. �

For u = 0 in Algorithm 3.1, we have the following iterative scheme.

Algorithm 3.3. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T : C → C be a nonlinear operator. For x0 ∈ C arbitrarily, define a
sequence {xn} ⊂ C by the following manner:{

yn = (1− γn)xn + γnTxn,

xn+1 = PC [(1− αn − βn)xn + βnTyn], n ≥ 0,
(3.10)

where {αn}, {βn} and {γn} are three real number sequences and PC is the metric
projection.

The following result is then a direct consequence of Theorem 3.2.
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Theorem 3.4. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T : C → C be an L-Lipschitz pseudocontractve mapping with Fix(T ) ̸= ∅.
Assume the parameters {αn}, {βn} and {γn} satisfy the following restrictions:

(i): limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(ii): αn + βn ≤ γn;
(iii): lim infn→∞ βn > 0 and lim supn→∞ γn < 1√

1+L2+1
.

Then the sequence {xn} defined by (3.10) converges strongly to PFix(T )(0), the
minimum-norm fixed point of T .

We observe that related results have been established recently in [25]- [28].

Remark 3.5. We can find the minimum norm fixed point of the pseudocontractive
mapping T by using the algorithm (3.10). In contrast to Theorem 1.1, Theorem 3.4
may be effective due to the weaker parameters restrictions.
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